12. AYANHU NPOCTOP BEKTOPCKOI' U YHUTAPHOTI NMPOCTOPA

(12.1) Moxe nu ITuHeapHH (QYHKIIMOHAT Ha KoMIuieKkcHOM mpoctopy C y3umaru camo peanie

BpeaHocTH u3 R ?

VY oBoM cnydajy Ou aeduHuLIMja JIMHEApHOT (YyHKIMOHAA rinacwia: JInHeapHu GyHKIIMOHAT

(max xomrmiekcHUM BekTopckuM mpoctopom C) jecre dynkumja f(X) koja mma BpemHoCTH Y
ckanmapHoM 1moJby R (mpema ycioBy 3aiatka) v kKoja je nepunucana VX € C anum Tako aa Baxu
f(ax+py)=af(X)+p1(y), x,yeC, a,fecR.
Nnak, kako je Ha ocHOBY ropmer u3paza f(ix+0y) =i f(x)+0 f(y), wmm, xkpahe f(ix)=1i f(x)
jacHo je J1a yCIIOB HaBEJCH Yy 3a/aTKy HHje ucnymeH, jep pyukuuja f(iX) ¢ R vak mako yHkimja

f (X) To MOK1a M jecTe.
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12. [lyanHu npocTop BEKTOPCKOT U YHUTapHOT npocTopa

(12.2) Ma nu je y ynurapHom npoctopy U ca f, 3amar jenan nmuHeapHu QYHKIMOHAT aKo je
(a) f,(u)=(v|u); ©) f,(W)=(ulv), V|u)eU

3a yHarmpes Mo3HaTu BEKTOp |V> ?

Ja 6u ropmu GyHKIIMOHAIH OWUITH JiuHeapHu, Mopa J1a Baxku Gopmyiia
f,(au +pu,)=af, W)+ 41,U,).
(a) [TpBo Tpeba mpoBepuTH ropmy Gopmysty 3a npeu ¢pyaknuonan f,(U) = <V| u)
f,(au, + pu,) = (v|au, + Bu,).
Ha ocHOBY mucTpuOyTHBHOCTH CKaJIAPHOT MPOHM3BO/IA IO IPYroM (hakTopy je
f,(au, + Bu,) = (v|au,)+(v| Bu,),
a Ha OCHOBY JIMHEAPHOCTH CKaJIapHOT IMPOU3BO/IA MO JpyroM (hakropy je
f,(au, + Bu,) =a(v|u)+ B{v|u,),
JIOK je MIOTOM Ha OCHOBY JedUHUIHje MPBOT (PyHKIIMOHAIIA
f,(au +pu,) =af,(u)+ B 1,U,)
OJIaKJIe je jacHO Jia je MpBH (PYHKIIMOHA 3aUCTa JUHEADAH.
(6) Cana Tpe6a mpoBepuTH ropisy dopmyry 3a apyru dynkimonan f,(U) =(u|v)
f,(au, + pu,) = (au, + Bu, |v).
Ha ocHOBY nucTpuOyTHUBHOCTH CKaJIApHOT MPOM3BO/IA IO MPBOM (DaKTOpY je
f,(au, + Bu,) = (au, |v) +(Bu,|v),
a Ha OCHOBY aHTHJIMHEAPHOCTH CKAJIAPHOT MIPOM3BO/IA IO MPBOM (aKTOpy je
f,(au, + Bu,) =a (u,|v)+ B (u, |v),
JIOK j€ TIOTOM Ha OCHOBY Ae(puHHUIMje Ipyror (yHKIHOHAIA
f,(au, +Bu,)=a f,(u)+ 4 1,(u,)

0JIaKJIC j€ JaCHO Ja je MpBHU GYHKIIUOHAT AHMUTUHEADAH.
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3BNPKA SAOATAKA N3 MATEMATUYKE ®U3UKE 1: JlInHeapHM BEKTOPCKU NPOCTOPU

(12.3) Onpenutu 6asuce GpyHKuMOHANA qyanHor npoctopa C* 6uopmozonanne 6azucuma Bek-

Topa u3 npocropa C*

(@ {(1,0,0),(0,1,0),(0,0,1)}
©) {(1-2,3),0,-11),(2.-4,7)};

) {(1,0,i),(Li,0),(0,11)}.

BuopToronanHocT 6asuca QpyHKIMOHAIA qyanHor npocropa C*” y oqHocy Ha 3amare 6asuce U3

npocropa C° 3anmcyje ce kao

f (|VJ>) =5
VYupaso he oBaj uzpas omru uckopuiiher y onpehusamy 0asuca GpyHKIHOHATA AyaTHOT MIPOCTOPA

C®", manucan 3a uHekce i =1,2,3 u j=1,2,3
f1(|V1>) =0y =1, f1(|V2>) =0,=0, 1, (|V3>) =0, =0,
f, (|V1>) =0, =0, T (|Vz>) =0, =1, 1, (|V3>) =03 =0,
fo(Vi)) =05 =0, f,(|v,)) =8, =0, f,(|v)) =64 =1.
Ha 0cHOBY (hOpMyIe 32 OIILITH HAYKMH J€J10Bamba (yHKIMOHAIA Ha [IPOM3BOJBHI BEKTOP
()= & & &) =ad+a, & +aé,
L(vi)=f(6.56.8) = BE+B&+ B,
(V)= (5.6 &) = né+7.4 +ré.

TOpPHUX JCBET U3pasa MocTaje
& +a,é, +a & =1, aym + a1+, =0, o+, + o, =0,
ﬂlé"’ﬁzgz +ﬂs§3 =0, ﬂ1771+132772 +ﬂ3773 =1, 1314/1 +ﬁ2§2 +ﬂ3§3 =0,

NG +7:8+78 =0, iy +7,1m,+ 731, =0, 1G +7,8, + 736, =1.

(a) 'opmux neBeT u3pasa y ciydajy npBor JaTor 6asuca

{(1,0,0),(0,1,0),(0,0,1)}

mocTajy
o -1+a,-0+,-0=1, -0+, 1+,-0=0, o, -0+, -0+, -1=0,
L1+ 5,-0+5,-0=0, £-0+4,-1+ 5,-0=1, 5-0+4,-0+4,-1=0,

71:1472-0+73-0=0, 7,-0+y,-1+7;-0=0, ,-0+7y,-0+7;-1=1,
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12. [lyanHu npocTop BEKTOPCKOT U YHUTapHOT npocTopa

OIHOCHO

=1 a,=0, o, =0,
B.=0. B =1, =0,

7n=0,7,=0, 7, =1,

yuMe Cy 00ujeHu (yHKIIMOHATN OMOPTOTOHAHHM ITOJIa3HUM BEKTOpHMaA

f1(|Vj>)= fl(§1’§2’§3)=1'§1+0'§2+o'§3 =&
f2(|vj>)= f(5:6,:8)=0-5,+1-5,+0-5, =&,
f3(|Vj>): f3(5,8,,8)=0-5+0-&,+1- &, =&,

(0) I'opmwux neBet u3pasza y ciaydajy Apyror 3aaator 6asuca

{(1, -2,3),(1,-12),(2,-4, 7)}

ocTajy

o-l+a, (-2)+o;-3=1, oy -1+, - (-D)+0;-1=0, oy -2+, - (4)+ ;- 7=0,

B1+ B, (2)+ 5,-3=0, -1+ 5, (-D+5;-1=1, -2+ 3,-(-4)+ B,-7=0,
7l (2 +73-3=0, 7147, (D +5-1=0, 3,24y, () +7,-7=1,

OOHOCHO

o, —20,+30, =1, oy, —a, +a, =0, 20y, -4, + T, =0,
B—28,+33,=0, B -5, +B,=1, 28 -458,+7/3,=0,
=27, +3y, =0, y =y, +1,=0, 2y, =4y, Ty, =1.

On nipBa Tpu u3pasza GhopMupa ce CUCTEM jeTHaYMHA U3 Kora ce oapelyje nmpBu GhyHKIIMOHAT

a,—20,+30, =1 a, —20,+30, =1 a,—o,—20,+3a, =1
a—a,+a,=0 & o =0,—0, =0 =a,-a,
20, —4a, +Ta,=0 20, —4a, +1a,=0 2a, —4a, +Ta,=0
-, +2a, =1 a, =2a,-1 a, =2a,-1
& o =0, -0y S o =a,—a, = o, =20, -1-a,
20, —4a, +T1a,=0 20, —4a, +T1a,=0 20, —4a, +T1a,=0
a,=2a,-1 a, =20,-1 a, =20,-1 a,=-b
& g =01 = s =a,-1 & soy=0-1 = o, =-3
20, —40, +T7a; =0 20,—2-8a;+4+ 70, =0 oy =-2 a, =—2
KOjH IJ1acu

f(|v)))= (& &, &) =86 —5& —2&,.



3BNPKA SAOATAKA N3 MATEMATUYKE ®U3UKE 1: JlInHeapHM BEKTOPCKU NPOCTOPU

Hpyru ¢yHKIMOHAN 100HMja ce U3 cucTeMa jeHauyrnHa (GOpMHUPAHOT O] Apyra TpU U3pasa
,81 - 2,82 + Sﬂs =0 ﬂl = 2182 _3ﬁ3 181 = Zﬂz _3ﬁ3
ﬁl_ﬁ2+ﬁ3:l = ﬂl_ﬁ2+ﬂ3:l = 2ﬁ2_3ﬁ3_ﬂ2+ﬂ3:1
20, 4P, +1p,=0 20, 4P, +1p,=0 20, 4P, +1p,=0

B =25, -3p; B =2, -3p; B =4pB;+2-3p;
< P25 =1 < 1 B=26+1 = 1B =26+1
2B, —4Ap,+76,=0 2B, —4Ap,+7p6,=0 2B, 4B, +706,=0
P=p+2 P=p+2 Pi=p+2 p=2
S f,=20,+1 = <, =20,+1 S < p,=28+1 = {6,=+1
26, —4p5,+75,=0 20, +4-80,—4+75,=0 B =0 B;=0

U rjiacu
f (|V]>) =1,(8.5.8) =25+,

Haj3an, Tpehu ¢pyHkumonan nobuja ce u3 cucreMa jeaHaunHa ¢popmupanor o tpeha tpu uzpasa

71 —2y,+3y;,=0 =2y, +3y;=0 Vo= Vs—2y,+3y;=0
"=V, +73=0 S NN =YY = AN TV Vs
2y, =4y, + 7y, =1 2y, =4y, + 7y, =1 2y, =4y, + 7y, =1
72 +2y,=0 V2=27s 72=275
S NN =V s S NN TV s = A Nn=2V3-7;
2y, =4y, + 1y, =1 2y, =4y, + 1y, =1 2y, =4y, + 1y, =1
V2 =27, Y2 =27, V2 =27, n=1
= N =7s =\ =73 S \N=Vs = (V.=2
2y, =4y, + 1y =1 2y, =8y, + 1y, =1 75 =1 7s=1

" rji1acu
(Vi) = (6. 8. &) =& +25 + &,
(B) l'opmux neBet u3pasa y cinyuajy tpeher 3agator 6a3uca

{1,0,i),(Li,0),(0,1,1)}

10CTajy
o -1+a, 0+ay-i=1, o1+, i1+0,-0=0, -0+, -1+ ;-1=0,
L1+ 5,0+ 8,-1=0, -1+ 4,-i1+4,-0=1, 5,-0+4,-1+ 5,-1=0,
7o l+y, 0+p,-1=0, p, - 14+p,-i+p,-0=0, y,-0+p, - 1+p,-1=1,
OnnoCHO

a+io,=1, g +ia, =0, o, + 2, =0,
ﬂ1+iﬂ3:0, ﬁl+iﬁ2 =1, ﬂz"'ﬁs:O,
v+, =0, y+iy, =0, y,+y,=1.
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12. [lyanHu npocTop BEKTOPCKOT U YHUTapHOT npocTopa

On nipBa Tpu u3pasza GhopMupa ce CUCTEM jeTHAYMHA U3 Kora ce oapelyje npBu GhyHKIIMOHAT

o +ia; =1 o +ia, =1 —la, +ia; =1 (o, —a,)=1/"i —(a;—a,) =1
o, +ia,=0 < Jo=-la, = (o =-la, & qa =—la, & Ja =—la,
a,+oa,=0 a,+oa,;=0 a,+oa,=0 a,+oa;=0 a,+oa,;=0
A, =, +i a, =a;+i o, =a,+i o, =a,+i o, =—i/2+i
o g =—ia, = g =-ia,-° o g =1-ia, < {a=1-ia, = {a, =1-i(-i/2)
o, +a,=0 o, +i+a, =0 200, = —Ii o, =—i/2 oy =—i/2
a, =i/2 a, =i/2 a, =i/2 o =12
oo =1+i?2 @ o, =1-12 & o, =1/2 < {a,=i/2
o, =—i/2 o, =—i/2 o, =—i/2 o, =—i/2
KOjH IJ1acu
+i&, —i
(V) = TG gy = 22

Hpyru pyskuronan nobuja ce u3 cucrema jeqHadrHa popMupaHor ol Apyra Tpu uzpasa

ﬂ1+iﬁ3:0 ﬂ1+iﬂ3=0 ﬂl_iﬁzzo ﬂl=iﬂ2 ﬁ1=i,32
L+if, =1 < {p+if, =1 = (B +if,=1 & L +if, =1 = Jif, +if, =1
ﬁz"'ﬂa =0 :832_:82 ﬂaz_ﬂz ﬂsz_ﬁz :832_:82
ﬂ1=iﬂ2 ﬁlziﬂz ﬁl=iﬂ2 ﬂlzi(—i/Z) ﬂlz_iz/z ﬂl=1/2
< 12i3,=11i < {-2B,=i < fB,=—1/2 = B, =-i/2 < {B,=-1/2 = {B,=-i/2
By=—p, Br=—p, Bs=—p, ,83=i/2 ,83=i/2 ﬁ3=i/2
KOjH IJ1acu

L(v,)) = (&) = S

Haj3an, Tpehu ¢pyHkunonan nobuja ce U3 cuctema jeAHaurHa popMupaHor oj Tpeha Tpu uspasa

7 +iy; =0 iys ==y [ i27/3:_i7/1 —ys=—ly, Vs =1y Vs =1y,
ntiy,=0 < Jiy,=-n/i < i272:_i71<:> —y, =y, & =iy = \V2=73
Vo +tys=1 Vo tys=1 Vo +t7s=1 Vo +t7s=1 Vo +tys=1 Vo tys=1
Vs =iy, 1 iy, =i’y i7s=-7 7=y, 7y =-i/2
= \V2=7s = VY2 =73 S VYV =Vs P\ TV = 72:1/2
Vstys=1 2y, =1 73:1/2 73:1/2 73:1/2
U rjiacu

G(v,)) = f(6 &) = 2T

531



3BNPKA SAOATAKA N3 MATEMATUYKE ®U3UKE 1: JlInHeapHM BEKTOPCKU NPOCTOPU

(12.4) Y nyannom npoctopy P"° 6asuc uumHe (QYHKIMOHATIM 3aJaTH HMXKE, OAPEIUTH 0a3HC

npocropa P, koMe cy 3agatu 6a3ucH OHOPTOrOHATHU

@ n=2: f,[vi)]=[v®)dt, f,[v(t)]=[v(t)dt;

) f3 [V(t)] =v(0).

t=1

6) n=3: f,[v®)]=[v)dt, £,[v(t)]= dV't(t)

BropToroHaaHocT GyHKIHOHAJA 3a4aTor 0a3uca qyalHor npoctopa P" y oJHOCY Ha TpaXKeHe

6asuce u3 mpocropa P" 3amucyje ce Kao

f.[v,(®)]=3;.
(a) V ciydajy N=2, ped je o mpoctopy P?, unju Gasuc unne momuuomu {1 t}, a O KOjUX Ce
no0ujajy ONmTU OOIUIM TPAXKEHUX BEKTOpa Kao

v,(t)=a-1+b-t=a+bt, v,(t)=c-1+d-t=c+dt.

IIpema ycnosy f, [v i (t):| = &, CJeay, 3a IPBH BEKTOP TPAXEHOT ba3suca nmpocropa P?, naje

1 1 1
f,[w®]=6, < f(a+bt)=1 < j(a+bt)dt=l SN ajdt+bjtdt=1
0 0 0
" a(tr)ﬂ{ﬁ
0 2
2 2 2
f,[w(®]=5, < f,(a+bt)=0 < j(a+bt)dt=o SN ajdt+bjtdt=o
0 0 0

2 t?
o altf)+ b(z
Ha ocHoBy no0ujeHe aBe jeqHauuHe MPaBU C€ CUCTEM
2a+b=2 2a+b=2 —2b+b=2 -b=2 b=-2 b=-2 a=2
= = = = = =
a+b=0 a=-b a=-b a=-b a=-b a=2 =-2
OJIaKIle je IPBH BEKTOP TpaskeHor 6a3uca npocropa P2 nat Gpopmysnom

v (t)=2-2t.

’
1

jzl = a+%:1 < 2a+b=2

0

2

0

J:o = 2a+4—2b:0 < 2a+2b=0 < a+b=0

Ha ocnoBy f. [v i (t)] = &, CJeau, 3a IPYTH BEKTOP TPaXKeHOr basuca nmpocropa P?, na je

1 1 1
f[v()]=6, < f(c+dt)=0 < [(c+d)dt=0 < cfdt+d[tdt=0
0 0 0

= c(t|;)+d{%

1

0

J:O = c+%=0 < 2c+d=0
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12. [lyanHu npocTop BEKTOPCKOT U YHUTapHOT npocTopa

2 2 2
f,[v,(0]=6, < f(c+d)=1 < j(c+dt)dt=1 SN cjdt+djtdt=1
0 0 0

" c(q;)ﬂ{g

Ha ocHOBY no0OujeHe BE jeTHAYUHE MTPABU CE€ CUCTEM

2

le = ZC+%=1 < 2c+2d =1

0

2c+d =0 d=-2c d=-2c d=-2c d=-2c d=1
= = = = = =
2c+2d =1 2c+2d =1 2c—4c=1 -2c=1 c=-1/2 c=-1/2

c=-1/2
o

0JIaKJIE je PYTH BEKTOp TpaskeHor 6asuca npoctopa P2 nat popmynom

1
V,(t) = —=+t.
> (1) 5

(6) Y ciyuajy N=3, peu je o npocropy IP°, unju Gasuc unne nonuuomu {1,t,t?}, a o1 Kojux ce

no0ujajy ONmTU OOIUIM TPAXKEHUX BEKTOpa Kao

V() =+ Bt+yt?, v,(t) =+ EL+ L7, v (t) = o+t + pt?.

IIpema ycnosy f, [v i (t):| = &, CJeaH, 3a IPBH BEKTOP TPAXEHOT basuca mpocropa P?, naje

1 1 1 1
f,[w®)]=6, = fi(a+pt+t?)=1 = j(a+ﬁt+yt2)dt=1 IEN ajdt+ﬁjtdt+yjt2dt=1
0 0 0 0

o afth)s ﬁ(%
f,[w®]=6y < f(a+pt+yt*)=0

—0 < (B+21)| =0 < B+2y1=0 < B+2y=0

t=1

1 . o
o 3

0

le = a+§+%=l < 6a+30+2y=6

d 2
= a(a+ﬂt+yt )

f,[w)]=06, < f(a+pt+t?)=0
< (@+pt+y?)| =0 < a+B-0+y-0°=0 < a=0

Ha ocHoBy nob6ujene Tpu jeqHavynHEe PaBU CE CUCTEM

6 +3L+2y =6 3+2y=6 3+2y=6 —6y+2y=6 -4y =6
L+2y=0 = P+2y=0 < < pf=-2y = < pB=-2y & (p=-2y
a=0 a=0 a=0 a=0 a=0
y=-3/2 y=-3/2 a=0
= f="2y < p4=3 < 1pB=3
a=0 a=0 y=-3/2

OJIaKIIe je PBH BEKTOP TpaskeHor 6asuca npocropa P° nat Gpopmysnom

3
v, (t) =-3t—=t2.
L (1) >

Ha ocnomy f, [v i (t)] = &; CJeau, 3a APYTH BEKTOp TPaxKeHOr basuca nmpocropa P?, na je
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3BNPKA SAOATAKA N3 MATEMATUYKE ®U3UKE 1: JlInHeapHM BEKTOPCKU NPOCTOPU

f[v.()]=06, < f(e+it+{t?)=0 < i(g+§t+gt2)dt=o = gidt+§jtdt+§jt2dt:0

= g(t|2)+g{§J+§[§

f,[v.()]=6,, < f,(e+&t+t7)=1

’
1

J:o = 5+§+%:0 & 6e+35+24 =0

0

—1 o (E+200)| =1 o E+2¢1=1 < £+20 =1

t=1

d 2
= a(g+§t+;’t )

f,[v,(] =6, < f(e+it+{t?)=0
= (g+c§t+4’t2)|t:0=0 o e+E-044-0°0=0 < £=0

Ha ocHOBY n00MjeHe TpU jeTHaYNHE TIPABU CE CUCTEM

6c+35+24 =0 3¢E+2¢=0 3¢E+24 =0 3-64+2£ =0 3-4¢ =0
E+24 =1 = E+20=1 < {£=1-20 = {£=1-278 = 1E=1-28
=0 =0 e=0 =0 e=0

£ =3/4 ¢ =3/4 £ =3/4 £=0
S 1E=1-20 © ¢&=1-3/2 & {£=-1/2 < £=-1/2

e=0 =0 =0 ¢ =3/4

OJIaKJIE je APYTH BEKTOp TpaskeHor 6asuca npoctopa P° mat popmynom
1, 3.,

V,(t) =—=t+>t2.

2 =—St+7

Ha ocnoBy f. [vj (t)] = &, cuenw, 3a Tpehn BeKTop TpaxkeHor 6asuca npocropa P, naje

1 1 1 1
f,[v,()]=6, = f(u+nt+pt?)=0 < j(y+nt+pt2)dt=o@yjdt+njtdt+pjt2dt=o
0 0 0 0

2 1

t1+pﬁ
. 3

= #(tli)“?{z

f, [Vs(t)] =0, = f(u+nt +pt?) =0

J:o = ,u+g+§=0 < 6u+3n+2p=0

0

—0 < (7+2p1)|, =0 < n+2p1=0 < n+2p=0

t=1

f,[Va(©] =6 = fo(u+nt+pt’)=0
= (m+77t+pt2)|t:0=O < M+77-0+p-0°=0 < u=0

d )
= —(u+nt+ pt
dt(ﬂ nt+ pt°)

Ha ocHOBY no0OujeHe Tpy jeTHaYMHE TIPABU CE CHCTEM

6u+3n+2p=0 6+3n+20=0 6-6p+20=0 6-4p=0
n+2p=0 = {n=-2p = np=-2p S np=-2p
u=1 u=1 u=1 u=1
p=3/2 p=3/2 p=3/2
S in=-2p = {n=-6/2 < {n=-3
u=1 u=1 u=1
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12. [lyanHu npocTop BEKTOPCKOT U YHUTapHOT npocTopa

oz1akie je Tpehu BekTOp TpaxkeHor 6asuca nmpocropa P° nar Gpopmynom

v, (1) :1—3t+gt2 .
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3BNPKA SAOATAKA N3 MATEMATUYKE ®U3UKE 1: JlInHeapHM BEKTOPCKU NPOCTOPU

(12.5) Heka cy y npoctopy P° 3amatu cineneha Tpu ckanapHa mpou3Boja

(L) (v Zf’?. 3aV—Z§t'nV—Zn,t'
(2 (MO, 1) = j vV, (Bt

3) MOV O) = [v.O)v, ) dt.

Hedunucanu cy u cnenehu nuHeapHu GyHKINOHAIH

(@) f[v(®)]=v(0); ©) flvt)]=v(@);
&) fvt)]=Vv'(0); @ fvit)]=vQ);
 flvO]=[vOd; @ f[vO]= vt

BekTop (momiuom) V* (1) us P*" 3a koju Baxu na je

f[v(t)]=(v*(t)|v(t)), wv(t) e P°.

3a cBakM O] 3aaTHX CKaJapHUX MPOW3BOAA M (YHKIMOHAJA OJIPEIUTH OATOBapajyhu myarHu

ITpBo Tpeba oapeauTH cBa TpU U3pasa 3a CKalapHe MPOoU3Bo/ie Koju he moToM OUTH MPUMEHEHU

Ha CBHX 6 JaTHX ClydajeBa y mpocTopy P° umijn je 6a3uc
), v, (0, v, (1), }={Lt,t°}
TE ce MOJUHOM V* (1) Moxke MpeICTaBUTH Kao BUXO0BA JINHEapHa KOMOWHAIN]a
v*(t) = a+bt +ct’.
(1.) Y npBoM ciydajy CKalapHHU MPOU3BOI jeTHAK j&

fu®]=(v*®O[v, () = (a+bt+ct’ [v, (1)) = (a+bt +ct?|1)

|1)+(bt|1)+(ct?|1) =a(1]1) +b(t|1)+c(t?|1) =a-1+b-0+c-0=a

f[v,(0)]

=(a
(v (®)|v,(0) = (a+bt+ct?|v,(t)) = (a+bt+ct’|t)
{

f[vs(0)] = (v*(0)]v; () = (a+bt+ct? vy () = (a+bt+ct*|t*)

a|t)+(bt|t)+(ct?|t) =a(L|t)+b(t[t)+c(t?|t)=a-0+b-1+c-0=h

=(a|t?)+(bt|t*)+(ct? |t} =a(1|t*) +b{t |t} +c(t*|t") =a-0+b-0+c-1=c

536



12. [lyanHu npocTop BEKTOPCKOT U YHUTapHOT npocTopa

(2.) YV apyrom ciyuajy cKaJapHU IPOU3BO/I jeTHAK je

fv®]=(v*®)v 1) = (a+bt+ct’|v, (1)) = Jl'(a+bt+ct2)1dt

=Jl'adt+jbtdt+jct2dt :ajdt+bitdt+cit2dt
-1 -1 -1 -1 -1 -1

:a(tlll)+b[% ]=a[1(1)]+b{15(21) }c{%—%}

2|t 3
+¢| —
. 3

1

-1

:2a+&

flv,0]=(v*O)|v, (1) = (a+bt+ct? v, (1)) = j'(a+bt+ct2)tdt

1 1 1 1 1 1
= [atdt+ [bt*dt+ [ct'dt=a[tdt+b [ t*dt+c [ tdt
a -1 -1 -1 -1 -1
2|t 3|t 4|t 2 [ 1\2 3 [ 1\3 LY
:at— +bt— +ct— =a L &Y +b L 6D +C S
2,1 13l,) 4L L2 2 3 3 4 4
1

_%
f[v; (0] = (v*®)]v,(1)) = (a+bt+ct? |v, (1)) = j(a+bt+ct2)t2dt

3
-1

1 1 1 1 1 1
:jatzdt+jbt3dt+jct4dt :ajtzdt+bjt3dt+cjt“dt
a -1 -1 -1 -1 -1
3|t 4|t 51 3 [ 1\3 LY 5 [ a\5
=at— +bt— +ct— =a L 6D +b v &Y +C v D
31, 41, 5|, 3 3 4 4 5 5

(3.) YV tpehem ciyuajy ckamapHu IPOM3BO/I jeTHAK je

f O] =(v*®)v (1) = (a+bt+ct*|v,(t)) :‘l[(a+bt+ct2)1dt

0

1 1 1 1 1 1
:jadt+jbtdt+jct2dt:ajdt+bjtdt+cjt2dt
0 0 0 0 0 0

1 2 2 3 A3
—a-0)+b| Lo [
371 2 2 3 3

537



3BNPKA SAOATAKA N3 MATEMATUYKE ®U3UKE 1: JlInHeapHM BEKTOPCKU NPOCTOPU

f[v,®)] (v*(t)|v2(t)):<a+bt+ct2‘vz(t)>=j'(a+bt+ct2)tdt

1 1 1 1 1 1
jatdt+jbt2dt+jct3dt:ajtdt+bjt2dt+cjt3dt
0 0 0 0 0 0
RISt
=a| —| |[+b|—| [+c|—
2 3 4

a b c
2 3 4
1
(v*(0)]v, (1)) = (a-+bt +ct?|v, (1)) :j(a+bt+ct2)t2dt
0

1 1

0 0

f[v,(1)]

1 1 1 1 1 1
jatzdt+jbt3dt+jct“dt:ajtzdt+bjt3dt+cjt4dt
0 0 0 0 0 0
t5 13 03 14 04 15 05
+C|—| [=a| =—— |+b| =——|+Cc| =——
5 3 3 4 4 5 5

Cana ce rope nobujere Gopmysie mpuMermyjy Ha CBE JIaTe ClIydajeBe.

1 1

0 0

(a) Ipumeronm n3paza 3a f [V(t)]=V(0) ma Gasucre Bexrope {v, (t), v, (t), V5 (t),} ={Lt,t?} mpocropa

IP* no6wuja ce, 32 MpBU Ae(GUHUCAHM CKANAPHU HPOU3BOJL

t=0

f[v()]=v(t=0) a=1|t:O a=1
fv,()]=v,(t=0) = <b=t| / < <b=0 = v*({)=1-1+0-t+0-t* < v*(t)=1
f[v;(1)] =v4(t =0) c=t?| c=0

MIOTOM 32 JAPYTU JePUHUCAHU CKAJAPHU MTPOU3BOJ

2a+—=1| 2c ., 1 1 c
f [v, ()] =V, (t =0) i 3 2a+—=1/-7 a=3-3
f[v,()]=Vv,(t=0) = ?th:O < {b=0 < {b=0
f[Va(t)]zvs(t=O) 2a 20_2 @_FE:Q/.E a:_3_C
? ?— L:O 3 5 2 5
kc_1 ¢ 1 3¢ ¢ 21 33 ¢c>s _1_9c_sc
5 2 3 2 5 3 2 5 3 35 2 15 15
= <b=0 < 1b=0 < 1b=0 < <b=0
3c 3c 3c 3c
5 5 5 5
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12. [lyanHu npocTop BEKTOPCKOT U YHUTapHOT npocTopa

OIHOCHO
_1_%c-Sc (1 4c :E.[_i) __15 __15
2 15 2 15 4 2 8 8
b=0 < <b=0 < 1b=0 < <b=0 = <b=0
3c 3c 3c 3c 3 15
5 5 5 5 5 8
15 15 9
2
o 1b=0 < b=0 o Ib=0 = v*{)=2140t-2.¢ o vr)=2-12"
8 8 8 8
3 9 15
a=9o-— a=— C=——
8 8 8
U Ha Kpajy 3a Tpehu aeduHucanu ckanapHu MpOU3BOJ
a+—+—-=1| a+9+3=1/-E E+9+E=l
f [v,(t)] =V, (t=0) 2 3 ¢ 2 3 2 2 4 6 2
a b c a b c a b c
flv,®)|=v,(t=0) = —+—=+—=t —+—+—-=0/-(-1) & { ———=-— —=0
[2()] 2( ) 2 3 4 |t:0 2 3 4 ( ) 2 3 4
f[vs(®)]=v,(t=0) a b c a b ¢ a b ¢
—+—+—==t | —+—+—-=0 —+—+—-=0
3 4 5 t=0 3 4 5 3 4 5
2 4 6 2 2 3 3 3 6 9 3
a a b b c c¢c 1 b3 b4 c4 c6 1 3b 4b 4c 6¢c 1
St -t —-———="140 = {————=-— +—r—— = == &S {———F———==
2 2 4 3 6 4 2 43 34 64 46 2 12 12 24 24 2
E+E+E:0 34_94_2:0/(_1) _E_E_E
3 4 5 3 4 5 3 4 5
E+E+E=l E+E+E=£/-3 a+—+-—=1
3 6 9 3 3 6 9 3
12 24 2 12 12 2 6 6
a a b b c c 1 b4 b6 ¢c5 c9 1 4 6b 5¢c 9c 1
———t—-———+4—-———===40 | ===t === == == —_———— ==
3 3 6 4 9 5 3 64 46 95 59 3 24 24 45 45 3
a+9+3:1 a+9+2:1 a+9+2:1 a+9+3:1
2 2 3 2 3 2 3
< {-b-c=6 < 1-b=c+6 = <b=-c-6 < Jb=-c-6
_2b_4c_1 b _4c_1,, c+6_4c c,6 4 _,
24 45 3 12 45 3 4 15 4 4 15
a+E+E:1 a+E+E:1 a+9+3:1 a+9+3:1
2 3 2 3 2 3 2 3
< {b=-c-6 < qb=-c-6 < {b=-c-6 < <b=-c-6
€_4 .3 4 €15 4c 4 3 _ 15c _16c 3 _ —£+§=1/-(—60)
4 15 2 415 15 4 2 60 60 2 60 2
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3BNPKA SAOATAKA N3 MATEMATUYKE ®U3UKE 1: JlInHeapHM BEKTOPCKU NPOCTOPU

UJIATH
a+9+E—1 a+9+3—1 a+9+9—1 a—§+£—

2 3 2 3 2 3 2 3 a-18+10=1
b=-c-6 << <{b=-c-6 = <b=-36 = <b=-36 < <b=-36
c—90=-60 c=30 c=30 c=30 c=30

a—-8=1 a=9
< b=-36 < {b=-36 = v*({t)=9-1-36-t+30-t*> < v*(t) =9—36t+30t>

c=30 c=30

(6) Mpumerom mpasa T [V(t)]=V(1) na Gasucue Bextope {v, (t),V, (t), v, (), } ={L t,t?} npoctopa P

nobwuja ce, 3a MpBU JAepUHUCAHU CKATapHU TPOU3BOJI

f[v,()]=v,(t=1) a=1|_, a=1
flv,(]=v,(t=1) = {b=t|_, < 1b=1= v*({)=1-1+1-t+1-t* < v*(t) =1+t+t°
Fl®]=vt=1)  |c=t c=1

t=1

MOTOM 3a JpyTH Ne(UHUCAHU CKaJIApHU TIPOU3BOJ

2a+28 1| 2a+28_1/.1 a=l_¢
f[v(t)]=wv(t=1) 3 - 3 2 2 3
2b 2b 3
fv,®)]=v,(t=1) = ?—tL:l PN ey | PN sz
flvs(®)]=v,(t=1) 2a 2c ., 2a  2c 3 3 3¢
—+—= | —+—=1/-= =———
3 5 t=1 3 5 2 2 5
3_¢_1_¢ 3_1_3c_ ¢ 2_33_¢5 _9¢_5c
2 5 2 3 2 2 5 3 2 53 35 15 15
= _3 < b=§ = b=E = b=E
2 2 2
_3_3¢ _3_3c a=3_3¢ _3_3%
2 5 2 5 2 5 2 5
9c-5cC 4c 15 15 15
15 15 4 4 4
= b:E = b=§ = b=§ = b=§ = b=§
2 2 2 2 2
3 3c 3 3c 3 3c 3 315 3 33
a=——— ——= a=——— a=———-— a=———-—
2 5 2 5 2 5 2 5 4 2 14
15 15 15 15 3
c=— c=—" c=— c=— a=——
4 4 4 4 4
o lb=3 < lp=3 o lb=3 o lp=3 o 1p3
2 2 2 2 2
3 9 32 9 6 9 3 15
a=——=— a=—-——= a=——= a=—— c=—
2 4 22 4 4 4 4 4
2
= v*(t)——§-1+§-t+E-t2 = v*(t)=—§+§t+15t
4~ 2 4 4 2 4
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12. [lyanHu npocTop BEKTOPCKOT U YHUTapHOT npocTopa

Y Ha Kpajy 3a Tpehu neduHrcaHn cKkajgapHH MPOU3BO/T

b c b c 1 a b ¢ 1
a+_—+—-=1| a+—+-—=1/-= ——4—==
f[vl(t)]:\,l(tzl) 2 3 2 3 2 2 4 6 2
a b c a b c a b c
flv,)|=v,(t=1) =  —+=—+—=t —+—=+—-=1/-(-1) < {————— —=-
[2()] 2( ) 2 3 4 |t:1 2 3 4 D 2 3 4
f v ()] =v,(t=1) a b c a b c a b c
—+—+—= | —+—+—-=1 —+—+—-—=1
3 4 5 t=1 3 4 5 3 4 5
E_FE_'_EZE/.Z a+9+E:l/.1 E_FE_FEZE
2 4 6 2 2 3 3 3 6 9 3
a a b b c c 1 b3 b4 c4 c6 1 3b 4b 4c 6c¢ 1
St ———F———==-1 < === == == == S ———t———=—=
2 2 4 3 6 4 2 43 34 64 46 2 12 12 24 24 2
E+9+E:l E+E+E=1/ -1 —E—E—Ez—l
3 4 5 3 4 5 3 4 5
E+9+E 1 E+9+E=l/3 a+9+3=1
3 6 9 3 3 6 9 3 2
b 2c 1 b ¢ 1 b c
= i —————=—= S {————=—= < s—+—=1/-6
12 24 2 12 12 2 6 6
a_a b b c c_1_ ba b6, c5co__2 4 _6b_5¢ 9 __ 2
3 3 6 4 9 5 3 64 46 95 509 3 24 24 45 45 3
a+9+3:1 a+9+3:1 a+—+E:1 a+9+3:1
2 2 2 3 2 3
< <b+c=6 < <b=-c+6 = sb=-Cc+6 < <b=-c+6
2b  4c 2 b 4c_2 —-Cc+6 4c c 6 4c
—_———=—— —+—=—/-3 +—=2 —t—+—=2
24 45 3 12 45 3 4 15 4 4 15
a+9+3:1 a+9+3:1 a+9+2:1 a+9+3:1
2 3 2 3 2 3 2 3
< sb=-c+6 < <b=-c+6 < <b=-c+6 < <b=-Cc+6
_E+£+§:2 015 4c4 3 _5 _15c 16c+§:2 i+§_2/(60)
4 15 2 415 15 4 2 60 60 2 60 2
b c b c b c 24 30
a+—+—=1 a+—+—=1 a+—+—=1 a——+—=1
2 3 2 3 2 3 2 3 a-12+10=1
< <b=-c+6 < <b=-c+6 = <b=-24 = <b=-24 < <b=-24
—-c—-90=-120 c=30 c=30 c=30 c=30
a-2=1 a=3
< {b=-24 o {b=-24 = v*({t)=3-1-24-t+30-t° < v*(t) =3-24t+30t°
c=30 c=30

(8) Mpumerom mapaza f [V(t)]=V'(0) Ha Gasucre Bextope {v,(t), Vv, (t),V,(t),}={Lt,t2} mpocropa

P* no6wuja ce, 3a MpBU Ae(GUHUCAHM CKANAPHH IPOU3BOJL
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3BNPKA SAOATAKA N3 MATEMATUYKE ®U3UKE 1: JlInHeapHM BEKTOPCKU NPOCTOPU

: odt |
f[v,(t)]=vi(t =0) . t=0 a=0|_, a=0
f[v,()] =V, (t=0) = b=% b=1 , < {b=1
, t=0 _
f[Vg(t)]:VS(tzo) _d(tz) C:2t|t:0 c=0
dt |_
= v*({t)=0-1+1-t+0-t° < v*(t) =t
MOTOM 32 JIPyTH Ie(DUHUCAHU CKaJIApHU POU3BOJ
2c d@)
2a+— =" 2a+£=0|t70 2a+28 0
f[w®]=v(t=0) 3 3
2b 2b
flv, ®)|=vit=0) = < —=—= « 122 = - 152 _
f[z()] 2 0) 3 " dtl 3 = Lo 3
v,(t)|=vi(t=
OI=RE=0 s 2e_aw) 2a, 2 _, |2, 2
375 at |, 3 5 3 5
2a+2C_0s.1 a=-¢ _se_.¢ 3¢, Cp k3 ¢35 4
3 2 3 5 3 5 3 5 3 35
= 2—b= = b=§ = b=E = b=§ = b=§
3 2 2 2 2
2a,2¢_g,.3 _ % __ % __ 3¢ __ 3¢
3 5 2 5 5 5 5
S _5c_o  [4c_g
15 15 15 c=0 c=0 a=0
= b=§ = b=§ = b=§ = b=§<:> b=§
2 2 2 2 2
3c 3c 3c a=0 c=0
a=——" a=—— a=——
5 5 5
3 , 3
U Ha Kpajy 3a Tpehu aeduHucaHu cKanapHu MPOU3BOJ
b ¢ d@
T a+—+—-=0]|_, a+2+2=0
fv®]=w(=0) ) ol i S = i 3
f[v,()]=v,(t=0) = a,b,c_db a2 +E—1|7 = 12,2, 5
] =t 0 2 3 4 dt |, 2 3 4 o 2 3 4
V() [=v,(t=
> > a, E c_d®) E+9+E 2t| E+E+E=O
3745 at | 345 345
a+b+g=0/‘1 E+9+E=O E+E+E=O/'2
2 3 2 2 4 6 2 4 6
= g+b+£—1/ - < _a_b ¢ -1 = §_E+E_9+E_E:_1
2 3 4 2 3 4 2 2 4 3 6 4
34_9_'_320 E+E+E:0 E_’_E_FE:O
3 4 5 3 4 5 3 4 5
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12. [lyanHu npocTop BEKTOPCKOT U YHUTapHOT npocTopa

WA
a+—+E=O/-l E+E+E=O E+9+E=O
2 3 3 3 6 9 3 6 9
b3 b4 c4 c 6 3b 4b 4c 6cC b 2c
_______ +—'———'—:—1<:,> - - ___:_1 - T —
43 34 64 46 12 12 24 24 12 24
a b c 5y _a b c_ a abbecc_,,
3 4 5 3 4 5 3 3 6 4 9 5
E+E+E=O/-3 a+9+E=O b
3 6 9 2 at+—+-=0
b C b c 2
&S ———-—=-1/-(-1 =S —+—=1/-12 < <b+c=12
12 12 12 12 ob 4
b4 b6 c5 c9 4b 6b 5c 9c s R
_______ 4+ —t—_— == _ —_— 24 45
64 46 95 509 24 24 45 45
a+9+2:0 a+9+3=0 a+9+3=0 a+9+2=0
2 3 2 3 2 3 2
< {b=-c+12 = {b=-c+12 < <{b=-c+12 < <b=-c+12
b LA g3 —c+lz2 A, _c l2 e _CL A 39
12 45 4 15 4 4 15 4 15
a+9+3=0 a+9+2=0 a+9+2=0 a+9+3=0
2 3 2 3 2 3 2 3
< {b=-c+12 < <{b=-c+12 < <b=-cc+12 << {b=-c+12
_c15 44 4 ) _15c 16c_ 4 C__3 c=-180
4 15 15 4 60 60 60
a+9+£—o a+E+E— g_@—
2 3 2 3 2 3 a—-96+60=0
= {b=180+12 = <b=192 = {b =192 < <{b=192
c=-180 c=-180 c=-180 c=-180
a-36=0 a=236
< {b=192 < {b=192 = v*(t)=36-1+192-t—180-t*> < v*(t)=36+192t —180t*
c=-180 c=-180

(r) [Mpumerom m3paza f [V(t)]=V'(1) ua Gasucue Bextope {V, (t),V, (1), V,(t),} ={Lt,t?} npocropa IP?

nobuja ce, 3a MpBU eUHUCAHU CKaJTApPHU MTPOU3BO/T

fv.(©)]=v(t=2)

f[Vz(t)]:vé(t:]_) = b:@

flv:®O]=v;(t=1

L _ 4
dt ls a= O|t:1 a=0
b=1 < <b=1
dt - |t:l B 2
d(t?) ikl SR
cC=——> -
dt | _

= Vv¥t)=0-1+1-t+2-t° < v*({t)=t+2t°
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3BNPKA SAOATAKA N3 MATEMATUYKE ®U3UKE 1: JlInHeapHM BEKTOPCKU NPOCTOPU

MOTOM 32 APYTU Je(PUHUCAHU CKAJAPHU MTPOU3BOJ

2c d@)
2ad === 2a+§=o|H 2a+28 -0
fv.(©)]=vi(t=2) 3 } 3
2b  d(t) 2b 2b
flv,®)|=vi(t=1) = {—=—= o = =1 o I =
[ e LW i
V() [=vs(t =
3 3 2a 2c_d(t) §+£:2t|t:1 2a 2c_,
375 at |, 3 5 3 5
2a+£:0/-1 a=_S 3_§:_E 3_§ C_o 3_3_C.§+S.§:0
3 2 3 5 3 5 3 5 3 35
= 2—bzl = b=E = b=§ = b=§ = b=§
3 2 2 2 2
2a 2=2/-E a=3—3—C a=3—3—C a=3—§ a:3—3—C
3 5 2 5 5 5 5
_% 5—C=O 3—£=0 £=3 c=£ :;1:3—3-g
15 15 15 15 4 4
= b=§ = b=§ = =§ = b=§ = b=§
2 2 2 2
a=3—3—c a=3—3—c a=3—E =3—§-£ c:E
5 5 5 5 4 4
27 4 27 12 27 15
a=3-— a=3——— === a=——
4 4 4 4 4 4
= b=§ = b—E = b=§ = b=§
2 2 2 2
45 45 45 45
C=— = — C=— C=—
4 4 4 4
= V*(t):—§'1+§'t+£'t2 = v*(t)=—§+§t+£t2
4 2 4 4 2 4
U Ha Kpajy 3a Tpehu aeduHucaHu cKanapHU MPOU3BOJ
b ¢ d@
a+§+§:_dt a+9+3—0|t_1 a+9+E=0
flv()]=v(t=1) t=1 2 3 - 2 3
fv,(©]=v;(t=1) = a,b,c_db a,b,c. |, a,b,c 4
f [O]=¥i(t =D 2 3 4 dt|, 2 3 4 = 2 3 4
V() [=vi(t =
. > §+E+E:d(t2) E+E+E—2t|t:l E+9+E=2
37475 Tar | 3 45 3 4 5
a+9+9=0/-l E+E+E=O E+E+E=O/-2
2 3 2 2 4 6 2 4 6
= 24_94_3:1/(_1)@ _E_E_Ez_l E_E+E_E+E_E:0_l
2 3 4 2 3 4 2 2 4 3 6 4
E+9+E:2 E_’_E_FE:Z 24_94_2:2
3 4 5 3 4 5 3 4 5
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12. [lyanHu npocTop BEKTOPCKOT U YHUTapHOT npocTopa

UIIUTH
a+9+2=0/ 1 E+9+E=O 3+9+E=0
2 3 3 3 6 9 3 6 9
b3 b4 ¢c4 c6 3b 4b 4c 6¢ b 2c
— = -t ——== =-leo{i——t———=-1= ———=—
43 34 64 46 12 12 24 24 12 24
3 4 5 3 4 5 3 3 6 4 9 5
a,b,C os3 b ¢ b ¢
3 6 9 a+—+—-—=0 a+—+—-=0
b 2 3 2 3
= —E—Ez—ll-(—ﬂ) < qb+c=12 < qb+c=12
b4 b6 c5co , |T-Te-To-2  |-Z-Tf-
64 426 95 509 24 24 45 45 24 45
a+9+3=0 a+9+3:0 a+E+E=0 a+E+E=O
2 3 2 3 2 3 2 3
< <b=-c+12 = <b=-c+12 < <b=-c+12 < <b=-c+12
bLAC_ 53 e _c 2 4 4 B S
12 45 4 15 4 4 15 4 15
a+9+3=0 a+9+3=0 a+9+2=0 a+9+2=0
2 2 3 2 3 2 3
& {b=-c+12 & ib=-c+12 < {b=-c+12 < {b=-c+12
4 15 15 4 60 60 60
a+9+9—0 a+E+E—O a+ﬂ—@—
2 3 2 3 2 3 a+186-60=0
= <b=360+12 = {b=372 = <b=372 & 1b=372
c=-360 c=-360 c=-360 c=-360
a+126=0 a=-126
< {b=372 < {1b=372 = v*(t)=-126-1+372-t-360-t° < v*(t) =-126+372t —360t°
c=-360 c=-360

1
(m) Ipumerom u3paza | [V(t)] = IV(t) dt na Gasucue Bextope {v, (t),V, (t),v,(t),} ={Lt,t*} npocropa
0

P* no6wuja ce, 32 MpBU Ae(GUHUCAHM CKANAPHU HPOU3BOJL

1 1

f{v,(t)|=|v,(t)dt a=|1dt LR

[l ] ‘!1 'c[ a_t|0 a=1

L L t2 [ 1 t

f[vz(t)]zfvz(t)dt =N b:J.tdt o db=—| < b== = v*({t)=1+—+—
) ) 2|, 2 2 3
1 1 _1 1

f[v;(®] = vy () dt c=[t?dt - €=3
0 0 3 o
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3BNPKA SAOATAKA N3 MATEMATUYKE ®U3UKE 1: JlInHeapHM BEKTOPCKU NPOCTOPU

MOTOM 32 APYTU AePUHUCAHU CKaJapHU MIPOU3BOL

1 1
2c 2c 1
f[v(®]=[v)dt 2a+?=_[1dt 2a+?=t|0 pas 26 _1,.1
0 0 3 3
1 1 2 1
2b 2b t 2b 1
flv, ©=|v,)dt = <—=|tdt & —=— & —==
] =[%0 -] 372 32
1 1 1 2a 2¢ 1
2a 2c 3 (-1
f [vs(®)] = [vs(t)at el L5 2a_ 2c U 3 "5 3/ (D
0 3 5 9 3 5 3,
2a 2c 1 2a 2¢c 1,3 c 1 1 c
— === —r—===/-= a+—== a==——
3 9 3 3 9 3 2 3 2 2 3
= b=E = b=§ = b=§ = b:E
4 4 4 4
2a_2c_ 1 |2a_2a,2 2 1.1 |,(1 1) o [c=0
3 5 3 3 3 9 5 3 3 9 5)
1
a:_
2
= b=%:v*(t)——+§
c=0
U Ha Kpajy 3a Tpehu neduHruCcaHU CKaTapHU MPOU3BOJL
FIv.(0)] = [v. 0 dt b, _ [1at b, C_ip b ¢
[Vl()]_-c[V1() a+§+§—‘£ a+E+§=t|O a+5+§=1/6
1 1 2
f[v,(®]=[v,(dt = 3+9+3=jtdt DR S a,bc 1,1
! 2 3 4 3 2 3 4 2| 2 3 4 2
1 1 1 a b ¢ 1
a b c b t3 —+—+—=—==/-12
f[vs(t)]= | vs(t)dt S 42 =(t3dt ab . c_t 3 45 3
] !3 3 45 ! 345 3|
6a+3b+2c=6 6a+3b+2c=6 6a+3b+2c=6
< <«+—6a—-4b-3c=-6 = {6a—6a+3b—-4b+2c-3c=6-6 < {—-b—-c=0
4a+3b+£:4 4a+3b+£:4 4a+3b+&:4
5 5 5
6a+3b+2c=6 6a—3c+2c=6 6a—-c=6 6a—c=6
< sb=-c = <b=-cC < sb=-c < sb=-c
4a+3b+E:4 4a—3c+£=4 4a+(£—3jc=4 4a+(£—§jc=4
5 5 5 5 5
6a—c=6 6a—c=6/-4 2da—4c =24 24a—-4c=24
= =—C < sb=-c < sb=-c = <b=-c
4a—%:4 4a—%=4/-(—6) —24a+%:—24 24a—24a—4c+%=24—24
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OJIHOCHO
24a—4c =24 24a—4c =24 24a =24 a=1
b=-c < sb=-c = <b=0 < <b=0 = v*@)=1
[ 20 18) c=0 c=0 c=0
cl —+—1|=0
5 5

1
(h) Tipumerom nspaza T [V(t)]= _[ V(t)dt ma Gasucue Bextope {V, (t),V, (t), v, (t),}={Lt,t*} npocropa
o

P* no6wuja ce, 32 IpBU Ae(GUHUCAHM CKANAPHU IPOU3BOJL

1
v(t) v, (t) dt a=|1dt E!
I ,I a=t|, a=1—(-1)
1 t2 1 12_(_1)2
f[vz(t)]:jvz(t)dt: b=_j1tdt N b:7,1© b==——"——
1 1 1®—(-1)°
f[v, ()] = jv(t)dt c=jt2dt v C=—"75
21 3|,
a=2
2t?
< 1b=0 = v*(t) = 2+?
2
C:_
L 3
IMOTOM 3a JApyru I[e(I)I/IHI/ICEIHI/I CKaJIapHU ITPOU3BOJ
2c | 2c
f[v,(t)]= jv(t)dt 2a+?=jldt 2a+?=t|_11 0a 126 _5,.1
e 2
2b | 2b  t? 2b
vt v, )dt = <—=|tdt & —=— PR i
®]= I() 3 I 3 2|, 3
2a 2c 2,1
2a, 2 3|t gLz
f[v,(0)] = Iv(t)dt —_[tdt 2a_ 2c_t 35 332
3 3 5 3|,
3 3 3 9 3 3 9 3 3 9 3
< <b=0 < <b=0 = <b=0 < <b=0
a,c 1, |ac_ 1 jaa.cc 11 | 1 1),
3 5 3 5 3 3 3 95 3 3 9 5
c
a+§—1 a=1
= =0 = <b=0 = v*(t)=1
c=0 c=0
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Y Ha Kpajy 3a Tpehu neuHMCaHN CKaTapHU MPOU3BO/T

b ¢ b c 1
f[v,()]= jv(t)dt a+5+§zfl1dt a+o+ =t|} a+%+%:2
1 2
f[vz(t)]zjvz(t)dt = E+9+E=J‘tdt S g+9+£=t— E+9+£=0
2 3 4 - 2 3 4 2|, 2 3 4
a b c g b 2 a b,c_2
f[vs(t)] = [ v (t)dt Zh 4= [t2dt ab . c_t 3 245 3
I 3 4 5 Jl 3 4 5 3|,
at24+S=2 a+2+S=2 a+—+—=2
2 3 2 3
= E+E+E=0/-(—2) = —a—gb—lc_o = 1.2 + 11 c=2+0
2 3 4 3 2 3 3
3 4 5 3 3 4 5 3 3 4 5 3
a+—+—=2 a+—+E=2 a+—+9:2
2 3 2 3 2 3
- (£.§_E.Ejb+(l.2_l.§jc:2® 374,282 oty 1,
23 32 32 23 6 6 6 6
a b c_ 2 a,b,c 2 a,b,c 2
3 4 5 3 3 4 5 3 3 4 5 3
1
at24+S=2 at2+S=2 a-6-24S-2 a+c(———j=6 2
2 3 2 3 2 3 3
& Jb+c=-12 < {b=-12-¢ = <b=-12-c & qb=-12-c
a b c 2 a b c 2 a c c 2 a 1 1 2
— Yt —4—=— — Y — 4 —=— ——3——=4=-—== —4c|l=—-Z2|=3+=
3 4 5 3 3 4 5 3 3 4 5 3 3 5 4 3
12 13 2-3 c 1
a+C| —-———-— :8 —C = —_——_—= —
(3 5% 3j a+ c=8 5 8/ 3
& {b=-12-c & {b=-12-c = =-12—-c
a 14 15 11 a 4-5 11 a 1 11
—+C| = ——=-= — —+ C=— ——c=—=—/-(-1
3 54 45 3 3 20 3 3 20 3
a_c_8 a_c_8 a_c_8
3 18 3 3 18 3 3 18 3
& b=-12-c = sb=-12-c & qb=-12-c
a 1 11 a a 1 1 8 11 1 1 3
— —C=—= ———=——C+—C=——— ———|c=—=
3 20 3 3 3 18 20 3 3 20 18 3
g—£=§/-3 a--=8 a--=8 a--=8 a—@—
3 18 3 6 6 6 6
& <b=-12-c & <b=-12-¢c < {b=-12-¢c < {b=-12-¢c = {b=-192
1 i_l 1 ﬂh—z —ic=—2 c =180 c =180
2\10 9 90 90
a—30=8 a=238
< {b=-192 < {b=-192 = v*(t) =38-192t +180t”
c=180 c=180
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12. [lyanHu npocTop BEKTOPCKOT U YHUTapHOT npocTopa

(12.6) OmpeauT MaTpHUIIE KOjUMA C€ TPEACTaBIbajy JMHEAPHH (YHKIIHOHAIH

@) f[v(t)]=v(0); ©) flvt)]=v@);
@ f[v®)]=Vv(0); @ Fv)]=vQ):;
w flv)]= v, ) Flv)]=[vt)de

y 6asucuma npoctopa P° 0pTOHOPMHpAaHUM HPEKO OAroBapajyher ckalapHOr IPOM3BoIa

(1) (v|v2) 2577.,33V Zét'nv —Zn,t'
2) (MO,0) = [wE)v,®)dt,

(3) (W ®]v,0) = [w®O v, t)dt .

(1.) Y cnyyajy mpBoOr CKaJlapHOT TPOU3BOIA

n—

l|v Zéﬂ’]la

OPTOHOPMHpPAHH Ga3uC yIIpaso je 6asuc npocropa P°

{1,t,t°}.

(2.) 3a ckanapau mpou3Boa AeUHUCAH KaO0
1
WO 0) = [wO v,
-1

CKYIl BEKTOpa
{Vl(t),Vz(t),Vs(t),}E{l,t,tz}
Mopa aa ce oproHopmupa ['pam-IIIMuTOBHM OCTYTIKOM

norm _ 1 _ 1 _ 1 _ 1 _ 1 _ 1 1

e ﬁmt i det N

1 1 1 1 1 1
et H A LI 1
t— 1norm t 1norm 1 1 1 1 1
H { ) ‘ t— \/_H t—z(llt)H t—z_jlltdt t—z_jltdt

nim
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T oo

2 1
t—1 v t—l g_(_l)z t—l 11
gnom _ 2 2*1 _ 202 2 2\2 2 t t t
l22)

—+
—

t? — itz i_ § 2 §t2
t2>tnorm B \/E \/E 2 2
2 norm -
t>t t2—<1 t2>1— \/gt t? §t2
21z Wz
1 1
1% 3t2 & 1% 3t2 & , 1|t 3[ t*
2 _Lfg2g OU o 2 L2y O o3 2= | |[==
t 2_jlltdt 2_jlttdt t 2£tdt 2_jltdt 5| 3 > 2
1 21 1 1
tz—ljtzdt—sijtgdt e v st
25 25 23], 2|4
p LT D 8l (DY), 101 1) 3°(1 1
_ 2|3 3] 2|4 4] "~ "2l373) 2la 4

ﬁlﬂ&W_Wme4_ﬁJGﬁ}WFA
213 3 214 4 2\3 3 2\4 4
12

t2 _ <lnorm
t2 _ <1norm

t2 >lnorm _ <t norm
t2 > qrorm _ <t norm

2norm
t —

1 21
t2 —lj'ltzdt—?ijttzdt
2—1 2 -1

2.2 i t2_1 tz_l tz_l
_ 23 2~ _ 3 _ 3 _ 3
12 3t? H 2 1” J< 1,, 1 !
t?-=.2_= 0| |It*-Z 2= t2—> J(z 1)(2 1)
23 2 3 22— | 2= |dt
3l 3 3 3
-1
-1 -t -1
_ 3 _ 3
1 1y l 2,1 [ttdt—2 [+ L [ ot
[l J(e-geag)a yirasalrass]
-1 -1
'[2—1 t2_1

el 2f e’ 11_£_ﬂ_3£_ﬂ 1,
\/(SJ_B{Q,JW“Q(W) \/[5 5 } 3{3 3 }9[1 (-1]
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12. [lyanHu npocTop BEKTOPCKOT U YHUTapHOT npocTopa

TO jecT
1 1

= =
3 _ 3

3 _
1,1) 2(1 1 +1(1+1) J2_2.2+2 J2_4 2 \/2_2
5 5) 33 3) 9 5 33 9 5 9 9 5 9

ot -~
3 / (tz_1]= \E(tz_lj:ﬁ(stz—l)
\/2 9 25 \/18 10 \/7 8 3) \8

OptoHOopMupaHu 6a3uC y Cilydajy OBaKko Je(UHUCAHOT CKaJIapHOT MPOU3BO/A je

Wi (0, v, (1), v ()} = { \f \f(?i —1)}

(3.) Y cayuajy ckamapHOr npou3Bojia 1eGUHUCAHOT OBAKO
1
MO, 0) = w0V, 0)d,
0

CKyrI BCKTOpa
{vl(t)' v, (), Vs(t)a} ={lt, tz}
ouhe opronopmupan I'pam-IIIMUTOBHUM MMOCTYITKOM

norm __ i 1 _ 1 1 1 _ 1

U a0

0

t—from t—jltdt t—jtdt
0

e

D" (a1 t=(1]t) _
e | fle=(af1] [e-(1]t)] t—Jl'ltdt

gnom _

T e e T N G

L L -1 -

_ 2
\/1_1+1 \/1.4_1.6+1.3 46,3 \/4—6+3 1
324 \34 26 43 \12 12 12 12 12

e TN AL
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3BNPKA SAOATAKA N3 MATEMATUYKE ®U3UKE 1: JlInHeapHM BEKTOPCKU NPOCTOPU

tnorm:r(t__j ff(t__j 243 (t—-j B@t-b),
Te, Ha Kpajy

t— (1" |t*
H 2 — <lnorm t2

>1norm _ <tnorm
>1norm _ <t norm

o t2—<1‘t2>—<\/§(2t—1)‘t2>\/§(2t—1)
eyt | tz—<1‘t2>—<\/§(2t—1)‘t2>\/§(2t—1)H

1 1
t2 —jltzdt—3(2t—1)j(2t—1)t2dt
0 0

t2 norm _

t2—<\ )-3(2t-1)((2t-D|t*)
th |t2)-3(2t-1)((2t-D|t* >H

1 1
t* - [1t°dt-3(2t-1)[ (2t -t
0 0

1 1 1 1 1
- [tdt-3-Df @ -t)dt —Itzdt—3(2t—1)(2]t3dt—J't2dtJ
0 0 0 0 0

—jtzdt —3(2t —1)(2jt3 dt —jtz dtj
0 0 0

1 1
t? —jtzdt—3(2t—1)j(2t3 —t%)dt
0 0

1 1

t3

-0

0

t4 t31 3 3 4 4 3
3 J 4 3 } R ] K

t> —

1 11 1 1
—§—3(2t 1)(2—3j —5—3(2t 1)(

3 A3 4 A4 43
el [ef N V0 N P E M A
j—3(2t—1) 250 1 } g s@-D 2=,

23

>
|

2

1 1\
)

—5—3(2t 1)(

1 1 1 1 1

t?---3(2t-1)- t*->-(2t-1= tz—g—t+

1 1 1 1
t?-=-32t-)=| [t*-Z-(2&-D=
3 ( )6 3 ( )2

1

3
6)= 3 6 3 2
-2

potei e 3.2 et tz—t+(13

1 tz—t+1>
6 6

6
tz—”é J<t2—t+

nim
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12. [lyanHu npocTop BEKTOPCKOT U YHUTapHOT npocTopa

2 _t4t 2 _tet
t2norm: 6 — 6
1 1
2 2 2
SR IR C I S S I P SR SIS S I P
6 6 36 3 3 3 36
0 0
2ol 2 otel
_ 6 _ 6
1 1
\/Ht42t3+4t2t+1jdt \/It“dt 2[tdt+ [tdt—> [tat+_ [dt
0
0
o4t
_ 6
51 41 31 21
L _2 L _|_ﬂ L _1 L _}.i(tﬁ))
5, 4|) 3\ 3|, ) 32| 36
oty l 2 _t+ L
_ 6 _ 6
\/15—05 , 1'-0" 4T-0° 12-0° 1-0 \/1 1,411
5 4 '3 3 3 2 36 5 2 9 6 36
2l 2ot Potel potel
\/1_118+44_1.6+1 \/1_18 16_6 1 J1+17—24 Jlj
5 218 94 66 3 V5 36 36 36 36 \5 36 5 36
R 2 _tet Potel ote 1
= 6 - 6 _ 6 _ =365 ( —t+6j

\/1_36_7.5 \/ 36 35 \/36—35
53 3 5 V365 365 36-5 36-5
=/36- \/_(t —t+ ) J5- G(t —t+ (13) J5(6t* — 6t +1)
OpTroHopMupaHu 6a3uc y ciiyyajy oBako Ae(pUHUCAHOT CKaJapHOT IPOU3BOAA j&
{v, (1), v, (), vs (1)} = {1,J§ (2t —1),\/5(6t 6t +1)} .
(a) [IpBu 3agatn PyHKIIMOHAN Y CITy4ajy MpBOT Oa3uca

{0, v, (0., (O} = {Lt,t*]

MIpeJ/iCTaB/ba C€ MaTPUIIOM-BPCTOM

f [Vl(t)] = Vl(o) :1|t=0 =
flv®]=v.0=t| =0 = flvO],, =[t 0 0]
fvu®]=v0)=t| =0

[IpBu 3amatu PyHKIIMOHAI y CITy4ajy Apyror 6azuca
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3BNPKA SAOATAKA N3 MATEMATUYKE ®U3UKE 1: JlInHeapHM BEKTOPCKU NPOCTOPU

(), v, (1), v (D)} = { \[ \f(3t —1)}

IIpe/ICTaB/ba CE MAaTPULIOM-BPCTOM

1_1

fu®)]=v(0) = 7

e0]=0= \ft o= = v, :{% 0 —\/ﬂ
f [Vs(t)] =Vv;(0) = \/g(3t2 —1)L:o = _\/g

[TpBu 3amatu pyHKIMOHAN Yy city4ajy Tpeher 6a3uca

{40, (1), vy (O} = {13 (2t -1), V5 (61> 6t +1) |

npeacraBjba C€ MATpUIIOM-BPCTOM

flv(®)]=v0)=1]_, =1
f[vz(t)]:vz(O):\/§(Zt—1)‘t:0:—J§ = f[v(t)]{‘ei»:[l -3 JE]_
f[5(t)] = v,(0) = /5 (6t2 - 6t +1)L=0 -

(6) Jlpyr 3aati (yHKIMOHAI y CIIydajy IpBOT 6asica
L), v, (1), v; (0= {1,t,t°}
TPeJICTaBIba Ce MATPHIIOM-BPCTOM
flv®]=v@®=1]_ =1
flv,®)]=v,@)=t|_ =1} = f [v(t)]{‘m} =[1 1 1],
fvu®]=wO =t} =1

Hpyru 3amatu GyHKIMOHAN y Clydajy Apyror 6a3uca

Wi (0, v, (1), v ()} = { \f \f (3t° 1)}

npeacraBjba C€ MaTpULIOM-BPCTOM

1 1

flv®]=v0)=

[, ()] =, (1) = \ftLl \f = f[v(t)]{ei»{% \E \/ﬂ
f[vg(t>]=v3<1)=@(3t2—1)\t1:@-2:@:@
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12. [lyanHu npocTop BEKTOPCKOT U YHUTapHOT npocTopa

JTlpyru 3anath GyHKUMOHAN y ciydajy Tpeher Gasuca

{v, (1), v, (t), v, ()} = {1,J§ (2t -1),\/5(6t> —6t +1)}

IIPEJICTABIbA C& MATPHIIOM-BPCTOM
flv®]=v@®=1]_ =1

flnm]=%0="3@-1| =V3(2-1=+3 = V0], =1 V8 5],

f[v5(t)] = v, (1) = /5 (6t 6t +1)L=l ~5(6-6+1)=+5

(B) Tpehu 3amaTu GhyHKIMOHAT y CcIydajy IpBOT Oazuca
WAGRAGAAGI SRR

IIpeJICTaB/ba CE MATPULIOM-BPCTOM

] =v@ =" =o| =0
f[vz(t)]zv;(O)z% “1,=1 | = )], =[0 1 0]
f[v(t)]=v;(0) = dfjtt) =2t|_ =0

Tpehu 3agatn QyHKIIMOHAT Yy CITy4ajy APYyror Oasuca

G0, 0., (0} = {%\E ( \/g & _1)}

npeacTraBjba C€ MAaTpULIOM-BPCTOM

[, (0)]=v(0) = %{%) ~0|_, =0
f[vz(t)]:v;(O):% \/gtJ RN f[v(t)]{ei»{O : o}

=0

= ‘f§6t
8
t=0

flv(®)]=v;(0) =% \/g('o’tz —1)}

Tpehu 3agatu pyHKIMOHAN y ciy4ajy Tpeher 6a3uca

{40, (1), vy (O} = {13 (2 -1), V5 (61> 6t +1) |

t=0

npeacraBjba €€ MaTpULIOM-BPCTOM
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3BNPKA SAOATAKA N3 MATEMATUYKE ®U3UKE 1: JlInHeapHM BEKTOPCKU NPOCTOPU

f[v, ()] =v(0) = %(1) -0|_, =0
0] - -[VB@-D] =82 -2

f[v, ()] =v4(0) = %[Jﬁ(etz — 6t +1)}

= J5(12t-6) LO N

t=
= T[], =[0 2/8 645
(r) YerBpTH 3amatu (pyHKIIMOHAI y CITy4ajy MPBOT Oaszuca
{u(®).v, (0. v, (O} = {Lt,t*)

IIpe/ICTaB/ba CE€ MATPULIOM-BPCTOM

f [Vl(t)] =v,(1) :% =0 |t:1 =
f[vz(t)]zv;(l):% “1),=1 [ = fv],, =0 1 2]
f v, ()] = V,(1) = dgt) ot =2

UerBpTH 3a1aT PYHKIIMOHA y CIy4ajy apyror 0asmca

{v, (1), v, (1), v;()}= {% , \/gt, \/g (3t2 —1)}

npeacTraBjba C€ MAaTpULIOM-BPCTOM

v, 0] =v.) =%(%J ~0| =0

3 3 5

f[vz(t)]:v;(l):% \/gtJ =\E - ) - f[v(t)]m}:{o >3 E}
[®]=v0 -+ \/g(stz —1)} =\/§ o

YetptH 3a1aTi GyHKIIMOHAT Y CiTy4ajy Tpeher 6a3uca

{40, v, (1), vy (O} = {13 (2t -1), V5 (61> 6t +1) |

_ |2 9.4
2.4

t=1 t=1

npeacraBjba €€ MaTpULIOM-BPCTOM
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f[v,(t)]=v(1) = :t . =0|_,=0
0)-vo-S[B@-]| =87 -
flv0)]=vi(Q) = %[JE(&Z — 6t +1)} =5 (12t —6)‘(21 =

= t[v)],, =0 243 65]

(m) ITetn 3amatu GyHKIIMOHAI y CITy4ajy MpBOT Oa3uca

{u(®).v, (0. v, (O} = {Lt,t*)

MPEeACTaBJba C€ MATPUIIOM-BPCTOM
1 1 1
f[v,(0)] :_[vl(t) dt :jldt =(t|0)=1

f[v,(t)]= jv(t)dt_jtdt [tzl

1 1 1
20}5 - f[v(t)]{ei»:{l ! g]
_1
3

[letn 3anatu QyHKIIMOHAT y ClTy4ajy apyror 6a3zuca

(), v, (0, v (D)} = { \f \f (3t* 1)}

npeacTraBjba C€ MAaTpULIOM-BPCTOM

v, (1)] Iv(t)dt_Ti _ 2( ):iz
a3
j(Bt 1)dt—\/g[Bjtzdt—jdtJ:\/g(sé_l}:o

- f[v(t)]{ei»:{i 3 o}

1

F[v, )] jv (t)dt = jt dt{tg

0

f[v, (t)] j v, (t)dt =

%I YY)

f[v,(t)]= j v, (t)dt =

[Tetu 3anatu ¢pyHKIMOHAN y ciyyajy Tpeher Oa3zuca

(0, v, 0, v (0} = {1 V3 (2t -1), VB (6" ~ 6t +1)

MIpe/iCTaB/ba C€ MAaTPULIOM-BPCTOM
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3BNPKA SAOATAKA N3 MATEMATUYKE ®U3UKE 1: JlInHeapHM BEKTOPCKU NPOCTOPU

f[v()] :Jl.vl(t) dt :Jl'ldt =(t|;) -1

1

f[v,(t)]= Jl'vz(t) dt =«/§j(2t—l) dt = \/§H§

-
k

(h) ectun 3amatu GpyHKIIMOHA y CITy4ajy MpBOT Oa3uca

{0, v, (0.0} = {Lt,t*)

0

1

f[v,(0)] = jv3(t) dt = Jﬁj(ﬁt? —6t+1)dt = J%H%

0

IIpeJICTaB/ba CE MATPULIOM-BPCTOM

f[v()]= Jl'vl(t) dt = Jl'ldt - (t|}1) =1-(-1)=2

f[vz(t)]_jvz(t)olt_jtolt_[tE J_%—(‘? N f[v(t)]{ei>}=[2 0 ﬂ
I A R Ll I
f[vs(t)]jlvs(t)dtjltdtLQ)J3 =3

[llectu 3agatn PyHKIIMOHA Y CIIy4ajy Apyror 6aszuca

Wi (0, v, (1), v ()} = {% , \E t, \/g (3t° —1)}

npeacTraBjba C€ MAaTpULIOM-BPCTOM

1

1§ 1,1y 2
f[vl(t)]:_flvl(t)dt=$£dt:$(t|_l)=$=\/§
f[vz(t)]:jlvz(t)dt:\gitdt: g[gj =0

L 5L 5| (¢") 0] [B(.2
f[v3(t)]:£v3(t)dt=\f§£(3t —1)dt:\f§ 3[51]—(t|1)]:\g(3§—2j:0
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12. [lyanHu npocTop BEKTOPCKOT U YHUTapHOT npocTopa

[llectn 3agat pyHKIIMOHAN Y Ciry4ajy Tpeher 6a3zuca
(0, v, (0, v (0} = {L.V3 (2t -1), VB (6" ~ 6t +1)

IpEJICTaBIba C€ MATPHIIOM-BPCTOM
1 1 1
F[v(0)]= [w®Odt= [1dt :(t|71) =2
e e

fv,(t)]= Jl.vz(t)dt =3 Jl‘(Zt ~1)dt =J§H§

Je

J+(t|i)}\/§(6§+2j6«/§
= f[v®)],, =2 23 65]

1
t

fv,(t)]= jvg(t)dt =\/§j(6t2 -6t +1)dt \/5{6[—

3|1 2
_sl L
371 2
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3BNPKA SAOATAKA N3 MATEMATUYKE ®U3UKE 1: JlInHeapHM BEKTOPCKU NPOCTOPU

(12.7) Onpenuty 6a3Kc Koju je buopmozonanan Huxe HaBeaeHoM Oasucy npocropa C*
{v.)=(.1,0).|v,) = (i,,0),]v;) = (1,0,0)} .
[ToToM moka3zatu aa je hopMyioMm
f(x,y,2)=x+iz
neduHuCaH jefan auneapnu ynkyuonan y npoctopy C*, Te My OH/Ia OJPEUTH MAMPULY-KOIOHY
(x0joM ce IIpefcTaBiba y OGHOOPTOroHAIHOM 6asucy AyanHor npoctopa C**) u mampuyy-epcmy

(x0joM ce TIpe/IcTaBIba Y HaBeAeHoM Oasucy mpocropa C?).

Mpen uaumn: Basuc Koji je GHOPTOrOHATAH 3a/1aTOM

{v) = (0,i,0),]v,) = (1,1,0),]v;) = (1,0,0)},
unHe (yHKIHOHATH

()= 1.05.y.2) =ax +by, +6z,}, (=123, j=12,3)
KOjH MOpajy 3a/I0BOJbABATH YCIIOB
fi(jvi))=0;, (i=123, j=123)

LITO Cy yCTBAPH HA CAXNETHjH HAUMH 3AIMCAHH YCIOBH

f(lw))=du (V) =0, fi(lva))= s

() = 6ar (1)) =82 Fa(l5)) =0

fo (W) = Gus fa(|V2) =0 fa([Va)) = O

Hapagho, Beh je 3HaHO 12 je KpoHekepoBo nenrta gerHucaHo Kao

{1, i=]

5”- = . )

0,1+ ]

YMMe TOPHUX JEBET yCI0Ba NOMPUMa HajIIPOCTHjH 0OJIHK, jJaKO MOTOJJaH 3a paj
f(jw)=1, fi(]v.))=0, f,(|jv;})=0,
B (V) =0, f,(|v)) =1, T, (|]v;)) =0,
f3([w)) =0, f;(]v.)) =0, f;(|vs))=1.

W13 mpBa Tpu yclioBa MOXe ce TOOUTH MPBU (DyHKIIHMOHAI
W)=l [fii)=1 ai+hitci=1 (a,+b, +¢,)i=1
f(]v,))=0 < { £,(1,i,00=0 < Jai+hi+c0=0 < {(a+h)i=0
f1(|V3>):o f.(i,0,0)=0 a,i+b0+c0=0 a,i=0
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12. [lyanHu npocTop BEKTOPCKOT U YHUTapHOT npocTopa

OJTHOCHO
1 L _ b o
a1+b1+cl—i Cl_?'i G = i2 Cl_—_l Clz—i
a,+b =0 = b =-a h=0 < {b=0 < ib=0 = f(xy,2)=-iz
a,=0 ch a,=0 a=0 a, =0
N3 npyra Tpu ycinoBa go0uja ce Apyru PyHKIIMOHAI
BL(W)=0  (fGii=0 (ai+bi+ci=0  [(a+b+c,)i=0

f,(|v.))=1 < {£,(i,i,00=1 < {a,i+b,i+c,0=1 < {(a,+b,)i=1
f2(|\,3>):0 f,(1,0,0)=0 a,i+b,0+c,0=0 a,i=0

a,+b,+c,=0 b,+c,=0 c, =-h, c, =i
= a2+b2:_% = bzz_%.l S bZ:% < b, =—1 = f,(Xy,2)=-ly+iz
[ i [
a2:0 a2:0 :0 az_o

U3 tpeha tpu ycnosa nobuja ce tpehu pyHkunoHan
BLIW)=0  (fGii)=0  [(ai+hitci=0  [(a+h+c,)i=0

f,(]v,))=0 & {£,(,i,.0)=0 < Ja,i+bhi+c,0=0 < {(a,+b,)i=0
f3(|\,3>):1 f,(1,0,0) =1 a,i+b,0+c,0=1 ai=1

a,+b,+c, =0 ¢, =0 c,=0 , =0
< qa,+b,=0 = <b=-a, © b=-a, & b—| = f,(xy,2) =—ix+iy

1 11 [ =—i
ST e

JApyrn HaumH: TpaxeHu 0a3ucHU (QYHKIIMOHAIM MOTY c€ JOOUTH M TaKO IITO CE€ MPOU3BOJHHU

BeKTOp U3 npocropa C* HamuIe Kao JTMHeapHa KOMOMHAIMja 3a1aTHX Oa3HUX BEKTOpa
3
|V> = z; |Vi> = §1|V1>+§2 |V2>+§3 |V3>;
i=

y3 y3uMame y 003up aepuHuImone gopmysie 3a GyHKIIMOHATIE

L(v)=4 =1,(|v)
B(v)=& o 1L(v)=¢& < ‘52 f(|v)
f(v) =& 2= (V) )

nobuja ce na je
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3BNPKA SAOATAKA N3 MATEMATUYKE ®U3UKE 1: JlInHeapHM BEKTOPCKU NPOCTOPU

V)= f Vi) + f, |V, )+ f5|vy).
bynyhu ma mocroju m3omopduzam nsmMeljy BEKTOPCKOT ¥ MATPHYHOT IIPOCTOPA, CBH KET-BEKTOPH Y
TOPHEM U3pa3y MOTY CE MPEACTAaBUTH MaTpUIlaMa-KOJIOHaMa, T CIICAN

X i i [

y|=fli|+f|i|+f]0]f
z i 0 0
OJHOCHO
x| |if | |1f, | |if; if+if, +if, i(f,+f,+f,)
y=[if [+]if, [+]0 |=|if +if, =|i(f +f,)
z if,| O 0 if, if,
YHMe je MMPOCTH]je MPEACTaBJbEH CHCTEM jeTHAYnHA
x=i(f +f,+f,)/-(-) —ix=—i’(f, +f,+f,) —ix=f +f,+f,
y=i(f +f,)/-(-1) & -y =—i*(f +f) < q-y="f+f1,
z=if/-(-) —iz =i’ —-iz=1,
f+f,+f,=—ix —iy+f, =-ix f,=—ix+iy f,=-iz
< < f+f,=-1y = <—iz+f,=-y & {f,=-1y+iz & < f,=—ly+iz
f=-iz f=-iz f=-iz f,=—Ix+iy

YHjUM j€ pelllaBambeM J00UjeH UCTH CKyIl (yHKIIMOHAaIa Kao U IPBUM HaYMHOM

{f,=—iz, f,=—iy+iz, f,=—ix+iy}.
Kaxko je oBaj ckyn (yHKIIMOHANA YCTBAPH b6asuc 0yaiHoz npocmopa C*° | oHU ce MOTy THcaTH

Kao Opa-BeKTOpU
{(v|=—iz,(v,| ==y +iz,(vs| =—ix+iy}.

Cana Tpeba nokasaru 1a je popmysiom
f(x,y,2)=x+iz
nar jenan ozxpehen GpyHkuuoHan u3 ayamsor npoctopa C**. Jla 61 on To 610, Mopa 6uTH Moryhe

MPEJCTaBUTH I'a Kao JIMHEapHy KOMOUHAIH]y 6a3uCcHUX (yHKIIMOHATA

3
f(x,y,2)= Zai (Y, 2)=a, (X, y,2)+a, T,(X,y,2) +a, f,(X,y,2),
i=1

OJTHOCHO, KOHKPETHH]E
X+iz=o,(-12)+a,(-ly+iz) + a,(-ix+iy) & X+iz=—laqz-ia,y+ia,z-iox+ia,y

S X+iz=—lax+i(-a,+a,)y+i(-o, +a,) Z
< 1. x+0-y+iz=—lgx+i(-a, + o)y +i(-, + a,) z
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12. [lyanHu npocTop BEKTOPCKOT U YHUTapHOT npocTopa

YnopehuBamem JieBe U IeCHE CTpaHe T00HMja ce CUCTEM jeTHaYMHA

1=—ia, —lay =1/-1 —i’a, =i o, =1

O=i(-a,+a) @ -, +a;=0 & Ja, =0, S o, =0,

I=i(-+a,) -a,+a,=1 - +a, =1 -o+a, =1
o, =1 o, =1 a, =1 a,=i-1

= Jaq, =i S o, =i oo, =i o da,=i = (f|=({-D{v|+i{v,|+i{v]
-y +a, =1 —o, +i=1 o =1-1 oy =1

0JIaKJIE j€ jaCcHO Ja ce 3a1aTh (PyHKIIMOHAT MOXKE HaIlMCaTH Kao JIMHeapHa KOMOWHAaIMja 0a3uCHUX
(yHKIIMOHANA, Te OH 3aKCTa jecTe IMHeapHH (yHKIMOHAN KOjH IIPUMaa dyaaTHoM Ipoctopy C*°.

Marpuna-KkojioHa KojoM ce 3a1aTu (pyHKLIMOHAN IIPEeCTaBba y AyanHoM mpoctopy C*° uma

00JIMK
i—1

(1 H{w} =

JIOK MaTpHIIa-BpCTa KOjOM ce 3a1aTi (PyHKIMOHAI OpeAcTaBsba y npoctopy C° nma o6nuk

[<f|]ﬂvi>} =[i-1 i i].
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3BNPKA SAOATAKA N3 MATEMATUYKE ®U3UKE 1: JlInHeapHM BEKTOPCKU NPOCTOPU

(12.8) INokasaru aa je BEeKTOPCKH mpoctop V u3oMopdan ca JyaTHUM IPOCTOPOM CeOH TyaTHOT

npocropa V', mpu 4eMy je jenaH TPUPOTHH M30MOpdu3aM AeGUHHCAH TaKo Ja V|V>EV

npunpyxyje nuaeapuu Gpynkuuonan V(| f)) na nyannom npocropy V', nedunucan dopmynom
PUAPYIKY]

()2 (). vl 1)<

Y3uma ce BEKTop |V> €V u Bekrop ‘VH> eV".
[Tommro je nzomopduzam nepunucan hopmysom

W 1)ET (), ¥l eV
4 KAKO j& Ha OCHOBY MPETTIOCTABKE 337aTKA
V=V" = |v>:‘v**>,
TO H30MOp(H3aM MocTaje

(11)= (). ¥ eV

bynyhu na ropmu m3pa3 Baxu 3a OMIIO KOjU BEKTOp, Bakuhe W 3a JTUHEapHY KOMOWHAIW]jy

BEKTOpa

Sain] ()=1(Salw)

Jluneapan (yHKIMOHAN TpeTBapa JIMHEapHY KOMOMHAIM]y BEKTOpa Y JIMHEapHy KOMOWHAIH]y

¢dbyHKIIMOHANA
(S| (19)-Fant(w).
a Oynyhu na je
(W)= v(I1)). vIfhe v

(Sal] (1)-Zav(0)

OJIaKJIe C€ JIeTIO BUM J1a je GYHKIIMOHAT IUHEeaPaH.

[Topen Tora, ako je |V> * |0>, OHJIa j€ W JUHEapHW (PYHKIMOHAT KOJjU My c€ m30Mop(hu3MOoM
npunpyxyje f (|V>) Z |0> , a TIOIITO je V**(| f>) =f (|V>) , OHJA je U V**(| f>) Z |O>, IITO 3HAYH Ja

V) =|0) = ‘v”>¢|0)
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12. [lyanHu npocTop BEKTOPCKOT U YHUTapHOT npocTopa

T€ j€ CTOTa MPECITNKABAmhE
V) > ‘v**>

usomopghuzam, 0yayhu na je HeCuHTyJIapHO (pErynapHo je).

565



3BNPKA SAOATAKA N3 MATEMATUYKE ®U3UKE 1: JlInHeapHM BEKTOPCKU NPOCTOPU

(12.9) CBakom JMHEApHOM ONIEPaToOPy A (koju Jennyje Ha BEKTOpEe U3 BEKTOPCKOT mpocTtopa V)

. AT . .
MOKC CC JCAHO3HAYHO IMPUAPYIKUTU mMpPAaAHCNOHO6AH OIICPATOP A (KO_]I/I ACIIy]C Ha BCKTOPC Ayall-

Hor npoctopa V') kao
ATE(|v) = f(A). ¥|v) eV, ¥| f)eV".
[Tokazaru na je AT auneapan oneparop. [IoToM nucnuTaTy y KakBOM c€ OAHOCY Hajase mMampuya

KOjoM ce omeparop A mpenacrariba y 6asucy {|Vi>,i =1, n} U Mampuya KOjoM ce TPaHCTIOHOBaHU

A

omeparop A’ mpexcrasiba y Gasucy 1| ), :1,_n KOjH je OMOpTOroHajaH IPBOM 0a3ucy.
paTop i

IIpon3BOJEHH BEKTOP |V> €V y uspasy 3a jelHO3HAYHO IPUIPYKHUBAHE
AT f (|v>) = f (A|v>)

YBEK C€ MOJKE TICATH Kao JIMHeapHa KoMOWHaIMja 0a3UCHUX BEKTOpa {|Vi> eV,i=1 n}

Ha ocHoBy mocraBke 3aartka, orepatop A je JinHeapaH, T€ OH JIHHEapHy KOMOMHAIHM]y o0jeKkara

IpeciuKaBama MpeTBapa y JuHeapHy KOMOMHAIM]y JTMKOBA MPECINKaBamba
n n
- ~
o[ Sal |- 1 A
i=1 i=1

Kaxko je u pynkuronan f nuueapan, cnemu

n n
N, :
AT f [Z; |vi)J => & f(Alv)).
i=1 i=1
Ha ocHOBY m3pasa 3a jeIHO3HAYHO MPUAPYKUBAILE j&

() <A (w).

TC CIICIH

A n n A
AT f(zgi |vi)j => & ATE(|v,))
i=1 i=1
yuMe je oTBpheHa suneaprocm TPaHCTIOHOBAHOT OIlepaTopa.

- T
Paau nipoBepe oqHOCa Matpuia -/ W -/ y GMOPTOrOHAIHUM 0a3uCcUMa, MOJIA3U CE OIET O/

n3pasa 3a JeJHO3HAuHO NMPUAPYKHUBamke, HaucaHor 3a M ¢yHKIuoHana
N, A
ATEL (V) = 1, (AIV)).
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12. [lyanHu npocTop BEKTOPCKOT U YHUTapHOT npocTopa

Beh je panuje HaroMeHyTO /1a ce IPOU3BOJHHU BEKTOP |V> YBEK MOKE€ MHCATH Kao JIMHeapHa KOMOU-

Harja 0a3uCHUX BEKTOPA |Vi> npocropa V
n
T .
AT (V) = 1, (A 24 |Vi>j :
i=1
a Kako je mpema mocTaBIy OrepaTop A nuHeapaH, ouhe

)= 6 S|
Ca, mpema 0CHOBHO] (hOPMYJTH MPECTABbARbA j¢
Aly,) = Za v,),
ONIAKIIE CIIeH 1 je
SIRDE XA
a KaKo je cBux M (yHKIHOHANA TMHEAPHO, TOPH:H H3PA3 TOMPHMA 0BIHK
(9) =336, 4 (w)

HapaBHo, 6uoproronanHoct 6a3uca {|Vi>,i =1,_n} u {| fi>,i :L_n} 3HAYHM Ja je

follvi)) = (fal Vi) =

TEC CTOT'a I'OpHU U3pa3 HOCTaje

n n

(| >) g; i i m]
(| >) iéiajl mj Zilé (a1i§m1+a2i5m2+"'+am| mm+ +am mn)

VY3umajyhu y 063up na je Kponekepoo aenra aedpunrcano upasom
Li=]j
0 =9, J-
0,1#]

AT f t.(v) = Z§(a1,0+a2,0+ 4a_ 1+..+a,0)= z.fam,_

MOCHEAmbH U3pa3 MonprumMa o0IHK
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3BNPKA SAOATAKA N3 MATEMATUYKE ®U3UKE 1: JlInHeapHM BEKTOPCKU NPOCTOPU

Hamnomena: ympaBo 3aTo mro je

n n n
L& 0, =2 54,
i=L =l i-L
Kaxe ce ga KpoHekepoBo jaenra ,,cKujia‘“ cymy.

[Tocnenwu nobujeHN U3pas

AT
A fm (|V>) :Zgi ami )
HaKOH IITO c€ y3Me y 003up J1a je (yHKIMOoHA AepuHucaH GopMyIoMm

& =1 (|V>),

MOTpUMa CBOj KOHAYHU OOJIUK

AL, (V) =2 aw (V)

i-1
LITO je YCTBapu OCHOBHA (popMyia npeicraBibama 3a GpyHkuuonane. Koepuuujentn a; xoju ce 'y

.. . T
10j jaBJbajy YMHE MATPUYHE €IEMEHTE TPAHCIIOHOBAHE MaTpuLe -/ .

568



12. [lyanHu npocTop BEKTOPCKOT U YHUTapHOT npocTopa

(12.10) INokazatu 1a je
(AB)"=BTA",

JleBa cTpaHa H3pasa Koju Tpeda I0Ka3aTh
(AB)" £(]v)),
Ha OCHOBY M3pa3a JJaTOT y MOCTaBIH 3a1aTka (12.15)
ATE(|v) = f(AV)).

rmocTaje
(AB)"1(1v)) = £((AB)Y)).

43 aﬂre6pe oreparopa je IIO3HATO Ja CC ICJIOBAILEC IIPOU3BOJAA OIICpATOPa Ha BEKTOP CBOAMU HaA

v))

Y3aCTOIIHO JACJIOBAKLE OIICpaTOpa

(Aé)|v):A(é

Te FOpHbH U3PA3 TOMPUMA OBITHK

(AB)" £ (V)= f(A(B]Y)).
AKO Ce cajia M3pa3 3 jeIHO3HATHO IPHIPY/KUBARHE PHMEHH 3/[eCHa HATEBO

f(A(Bv))) =A" F(B|v)).

no6uja ce

(AB) 1(1v)= A" (BIv)).
a HAKOH jOIII je/THe TIPHMEHE je/HO3HATHOT MPHAPYKHBamba

f (B|v)) =B f(|v))

KOHAYHO Ce T06Hja 12 je

(AB)" §(jv))=B"AT%(Iv)

U3 KOra ce, eJIMMUHAIM]jOM CYBHUIIHOT (PyHKIIMOHAJa ¢ o0e cTpaHe, 100Mja Tpa)keHa OIlepaTopcKa

jeIHaKoCT

(AB) =BTA".
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3BNPKA SAOATAKA N3 MATEMATUYKE ®U3UKE 1: JlInHeapHM BEKTOPCKU NPOCTOPU

(12.11) Heka je y yuutapaom npocropy U nat opToHOpMUpaHU 0a3uc {| V; > = ﬁ} ,ay 1yaJJHOM
npocropy U’ Guoproronanan 6a3uc {| f, > = ﬁ} . AKO ce TPON3BOJbHH BEKTOP |V> €U y 6asucy

{| V1> , |V2> yeeey |Vn >} npeacTaBba MaAmpuyomM-K0ja0HOM

&
&

S

onma ce weros myamsn dymxumonan |f)e U™ y Gasucy {| f) | )] fn>} Ipe/IcTaB/ba Kao

mampuya-Kojiona Ca KOlbYroBaHuM MATPUYHUM CIICMCHTHMA

*

&

*

-_|%

Sn

[okazaTtu na ce GyHKIIMOHAT | f > elU y 6azucy {|Vl> , |V2> reens |Vn>} IIpeJICTaBIba MAMpUyoM-

6pcmom Ca KOlbYIOBaHUM MATPUYHUM CIICMCHTHMA

f=lg g - &

VY yHUTapHMM NPOCTOpHUMA V|V> €U mnocroju jenuucTeen (yHKIMOHAN | f>€ [U*, U OHU CY

nmoBe3aHu GopMyIIoM
£(19)) = (v[9), 9) <.
Kako cy o0a BekTopa |V>,|\7> €U, onu ce mory HamucaTu kao IMHeapHE KOMOMHAIUje Oa3UCHUX

BEKTOpa {|Vi>,i =1,_n} yHHUTapHOT nipoctopa U

)= &M% n [ =3n )

T€ TOPHH U3pa3 MOCTaje

f(|\7))=<iZl:é (v J_Z:n,- \VJ>>-

Ha ocHOBY oucmpubymuenocmu ckanapHOT IPOU3BOJa y OJHOCY Ha CyMHUpame 110 00a (akTopa,

clenu 1a je
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12. [lyanHu npocTop BEKTOPCKOT U YHUTapHOT npocTopa

£(19)) =2 D& ul|m v ).

i=1 j=1

a KaKo je CKaJapHU MPOU3BOJ aHMUXOMO2eH Y OTHOCY Ha MHOXKEHE CKaJapoM 10 IpBoM (akTopy, a
XOMO2eH y OTHOCY Ha MHOXKEHE CKallapoM 1o JApyrom ¢akropy, ouhe

f(9) =2 &, (wlv,).

i=l j=1

Can, momro je 6azuc {|V1> ) |V2> ..... |Vn >} IO MOCTABIIH 33/1aTKa OPTOHOPMHUPAH, MOpa J1a BaXKH

(W [vi) =2y,
Te ropmwa (hopmyia monpruma o0IuK

f(|\7>)=iié*m5u,

i=1 j=1

a kako KponekepoBo genra ,,ckuaa‘ cymy, ouhe

f(IV>)=i§?m
IIITO G MOKE TIPECTABKTH KAO MATDHTHA IPORIBO
f(|9)=¢"
aJljyHrOBaHEe MATPHUIIE-KOJIOHE
=18 g - &l

U MaTpule-KOJIOHE

m
n,

_77” dnx1

MatpudHu eJIeMEHTH MaTpuULe gﬂ no0ujajy ce AenoBameM (YyHKIMOHaNa Ha Oa3uCHE BEKTOpeE

()= (i) = (Sl
)=t =(Sa o)y

> ié( |V1> Zél é‘ll 51 11+§2521+ +§n5n1 é:;

i= =1

>:Zn:§i*<vi|vz>zzn:§i*5i2251*512+§;522+‘ +60, =6

i=1 i=1

V)= 3 19 = 30 =5+ 50 4t 0 =)

i=1

()=o) =( e 1w

i=1
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3BNPKA SAOATAKA N3 MATEMATUYKE ®U3UKE 1: JlInHeapHM BEKTOPCKU NPOCTOPU

crora je (hopMysioMm

&=lg & - &)

3aMCTa MAaTPUYHO MPEICTABIHEH MPOU3BOJBHU (HYHKIIMOHAT | f > el y 6azucy {|V1> ) |V2> yoos
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12. [lyanHu npocTop BEKTOPCKOT U YHUTapHOT npocTopa

(12.12) Heka Bextopuma |V, ) 1 |V, ) w3 yrurapror mpoctopa U oxrosapajy sextopw | f,) u | f,)

U3 JyaaHor yauTapHor rnpocropa U’ . ITokasaTu na je

(wlve)=(t] )

A

Kopucrehn oBaj m3pas, mokasatd jga je omeparop A y OPTOHOPMHUpPAHOM 0a3HCy YHHTapHOT
npocropa U mpeacTaBibeH MaTPUIIOM -/, JIOK j€ lbeMy AyalaHH orepatop Ay OHOPTOrOHAITHOM
OPTOHOPMHMPAHOM 0a3MCy JyaJHOr YHUTapHOr mpoctopa U  HPeACTaB/bEH KOMILIEKCHO

KOHYTOBAHOM MAaTPHIIOM, Tj. J1a U3

A

A

v)=lv) = =7,

—

A fy=[f,) = /4 =,

V yuurapuom npocropy U ckanapHu IpOHM3BOJ BEKTOPA |V1> u |V2> aar je Gpopmysiom
n * n * .
<V1 |V2> = ZEE. i = (Zé 7, j
i—L i=1

JIOK je y IyaJHOM yHHTapHOM npoctopy U™ ckagapHH OpoM3BOJ BEKTOpa | f1> u | f2> JIaT Kao

-
(Lt)=7"%=la & = &]"|=Xen
77

0J1aKJIe CIIE/H J1a j€ 3aucTa
(v, =(H]f,) .

v1> = |v2> ciemn .~/ 7, =7, . Kpehe ce on uspasza

A

Cana tpeba nmposeput 1a mu u3 A

|V2>:A

V).

Kako cy o0a BekTopa |V1>,|V2> € U, onu ce mory HanucaTu kao auHeapHe KoMOMHaIUje 6a3uc-
n
HHX BEKTOPA {|u1>,|u2>,...,|un>} €U, 1j. kao |V1> :Zé |Ui> u |V,) :inj ‘uj> , OJIAKJIE CIIEH
i=1 j=1

Salo-(3an)

ITomro je omeparop A nmHeapaH, OH IIpeCIIMKaBa JHHeApHy KOMOHHAIM]y o0jeKkaTa IpecinKaBarmba

y JMHEapHy KOMOMHALM]Y JIMKOBA MPEC/IKaBama, a je
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%nj\uj>:g;;\|ui>.

Can, Ha OCHOBY OCHOBHE (hOpMYyJIe IpeCTaBIbhama, INK A Ui> MOJKE ce TaKole MICcaTh Kao JINHeapHa

n
KoMOWHaIMja 0a3MCHUX BEKTOpA: A| ui> = Z a;; ‘u j > , UUMe ce 1oouja
j=1

i=1

$alu)-3e(Sa))

[Ipepacnionienom cyma cienu uszpas

J.Z::"i \u&:i(é; a,-ij\u,->,

j=

xoju omoryhapa s1a ce ox6aru cyma o | , Te je oHaa

n
U :z ;& , (j=1n)
i1
IITO jECTE 3aIIMCHBO KA0 CHCTEM jeJHAYMHA

m=a,5+a,5+...+a,¢
M, =8y& +8,5+...+3,¢,

Mo =8y +23,8 +...+a,4,

KOjH CC MOIKC 3allUCATH Y MAaTPUIHOM O6J'II/IKy Kao

i a; &, ... &, &
1, _ Ay Ay ... Gy, $
_77” _Inx1 _anl anZ cte al’]l’] nxn _gn nxt

a TO yCTBapH U jecTe u3pa3 Koju je Tpedano 100uTH

7y =7

~x

Cana TpeGa ipoBepuTH ja i u3 A

—*

f1> =| f2> cuemn -/ ./ =.7, .Kpehe ce ox uspasa

f,).

Kaxko cy o6a BekTopa | f1> ,| f2> €U, onu ce Mory HanmcaTu Kao JIMHeapHe KOMOUHALH]je 6a3uc-

|f2>:A*

HHUX BEKTOpA {‘uf>,‘u;>,..., u:>} eU", 1j. xao | f,) Zzn:éﬂ*‘ui*> u |f,) =Zn:77j*‘u?> , OIaKJIE CIIEeTH
i=1 j=1
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A

Sifu)- S )|

[Tomro je omepaTop A JHMHeapaH, OH IpeciIUKaBa JMHeapHy KOMOUHaIM]y o0jekaTa mpeciuKaBama

y JTMHEapHy KOMOWHAIIN]y JIMKOBA, T1a je&
_len} u}):_zl:;* Alur).
j= i=

Kako ce caga He Moke IPUMEHUTH OCHOBHA (pOpMYyJia MPeICTaBIbamba, TOpka (opMyIia ce cKalapHO

MHOJH CJIeBa Opa-BEeKTOPOM <Uk , 4UMe ce 1o0uja

> () =28 (u

Au > .

u:>} OpPTOHOpPMHUpAH, clieau

n n
Z’?j d(j :Zé <uk‘Aui>’
j=1 i=1
a nomto KponekepoBo nenra ,,ckuaa“ cymy, ucraaa
* n * *
= z S <uk
i=1
Kako je Bektop ‘uZ) ZyajiaH BEKTOpY |uk) ,aJmK A

<u: A*ui*> = <uk ‘ Aui>*,

Bynyhu na je 6a3uc {‘U:>,‘U;>,---,

A*ui*> :

u; > AyaJlaH JUKY A|ui> Ouhe

YuMe ce Topma popMmysia Mema y
77: =Z§i*<uk ‘Aui> .
i=1

Can, Ha OCHOBY OCHOBHE (hOpMYyJie TpENCTaBbamba, JUK A

Ui> MOXKE CC 3aIlliMCaTu Kao JIMHCAPpHA

n
KOMOMHaIMja GasHCHIX BekTopa: A|U;) = Z a; ‘u J. > , 4AMe ce 100mja
j=1

77: =i§i*<uk Zri:aji ‘uj>> .

Kako je ckamapHu MPOU3BOJ XOMO2eH Y OJTHOCY Ha MHOXKEH-€ CKajJapoM o ApyroM (akropy a u

oucmpubymuear y OJJHOCY Ha CyMHpame 1o ApyromM (axropy, ouhe

i34 Sa )]

i=1
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Kako je KOMIUIEKCHO KOIbYTOBaHa CyMa jeIHaKa CyMU KOMIUIEKCHO KOWYTOBaHHUX caOupaka, Cie/u
n n *
=24 Z[aji <Uk ‘U,—>] :
i=1 j=1

Taxohe ce 3Ha 1a je KOMIICKCHO KOBYTOBaH IMPOU3BOJI jeTHAK MPOU3BOTY KOMIUIEKCHO KOHYTOBa-

HUX YUHWIALA, TC j€ OH/Ia

U::gé*jzr;:a; <uk‘uj>*'

u:>} OPTOHOPMHpPAH, YUMe ce 100uja

n n
YR 225 Zaji @q‘ .
i-1 =1
byayhu na je KponekepoBo aenra aedunucano xao

. [Lk=]
di_o,k;ﬁj’

Beh je peueno na je 6asuc {‘UI>,‘U;>,---,

OHO j€ yBEK peajan 0poj: @: = J,;, T cleu

77: :zgi* Za?i d(j )
i=1 -1

j

a kako KponekepoBo aenra ,,ckuna‘ cymy, ouhe
OBO ce MOKe 3a0€eJIEKUTH U Kao

IITO je 3aMMCHBO Ka0 CUCTEM jeTHAYMHA
m=ang ta,s, .t g
M, =88 +a,06, +...+3,,¢

m=aud + 8,6+ + a6,

KOjI/I CC MOXKC JaTu U Y MAaTPpUIHOM O6J'II/II(y Kao

* * * * *

Ui a; a, ... 4, &

* * * *

m, ay a;cz e By, S

* * * *

_nn_nxl _anl a‘n2 ann_nxn_én_nxl
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UIINTHU

m a;, a4
m, a, dy

_77n nxt _anl an2

IITO YCTBAPH | jecTe U3pa3 Koju je Tpedano 100Ut

a,

2n

nn

Sy =

nxn

&
&

ST



3BNPKA SAOATAKA N3 MATEMATUYKE ®U3UKE 1: JlInHeapHM BEKTOPCKU NPOCTOPU

(12.13) Hexka oneparop A Jenyje Ha BekTope yHuTapHor npocropa U . Bekropy |V> - IPE/ICTaB-
JbE€H MaTPUIIOM-KOJIOHOM & y OPTOHOPMHUPAHOM 0a3ucy {|V1> , |V2> yeons |Vn>} - 0yanan je GyHKIIHO-
HaJl | f> - IpeICTaBIbeH MaTPUIIOM-BPCTOM &'y OpTOHOPMHUpAHOM Gasucy {|Vi>,i :L_n} , IOK je
BEKTOPY A|V> oyanan QpyHKIHOHAT A*| f>.

[lokazatun na je AV> y OPTOHOPMHpAHOM Oa3ucy {|V1>,|V2>,...,|Vn>} MIpeJICTaBJbCH

MaTpHUIIOM-BpCTOM &7/ TJie je -*/ MaTpHIa KOjoM je IpeicTaBibeH omepaTop A y OpTOHOpMH-

~x

paHoM 0Oa3ucy {|Vl>,|V2>,...,|Vn>}. Ha oBaj HaumH je myanHu orepatop Ay OpTOHOPMHPAHOM

0azucy {|V1> ) |V2> boons |Vn>} TIPe/ICTaBbEH MATPHUIIOM -~/ | KOja JIeNyje HaneBo Ha MaTpHIe-BPCTe.

CreBa CYy BCKTOpH U3 O,HFOBapanHHX YHUTApHUX NPOCTOpA, 0K CY NCCHO MATPHULIC-KOJIOHE UJIN

MAaTpHIIE-BPCTE U3 OroBapajyNux MaTpUUHUX IPOCTOpa
V)eU «2» &ceF™

el <2y gleF™

AV)eU 2 /EcPF™

Af)el” «2o (/&) =&/ TeF™
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12. [lyanHu npocTop BEKTOPCKOT U YHUTapHOT npocTopa

A

(12.14) Heka je mat omeparop A H BEroB adjyHe06anu OTEPATOP Al KOjU JIeNTyjy Ha BEKTOpe
yautapHor mpocropa U . Heka je AT MPAHCNOHO8AHU OTIEPATOP, & A OyanHu onepaTop omnepa-

A

Topa A, Koju JeNyjy Ha BEeKTOpe W3 JyaaHor yHuTapHor mpocrtopa WU . Ilokasatu ma Baxke

cnenehu uzpasu
() AT =(AT) =(A");
©) A= (A" =(A");

() A'=(A) =(A)".

A A

T . *
Kaxo oneparopu A' u A nenyjy y U, na 6u ce Moriie MpoOBEpUTH HABEICHE OMEPATOPCKE

jemHakoctu Gopmupajy ce ckarapHu npouzsoou GyHKIHOHAIA U IbUXOBUX JIUKOBA.

(a) IIpBo Tpeba JOOUTH ONIEPATOPCKY jEIHAKOCT: AT = (A", amu Kopuctehn MaTpuuHe u3pase
AT\ -
(f|AT6) =(]AY 1),
Ha 0CHOBY OCHOBHe (hopMyJIe IPE/ICTaBIbamba, MK A ‘ fj> MOXe€ C€ MPEJICTAaBUTH Kao JINHEapHa
KoMOMHaIuja 0a3ucHUX (pyHKIHMOHANIA {| fi>,i :ﬁ} npocropa U~
~ T n
(f,|A fj>:<fi Y a, fk>.
k=1
Ha ocHOBY mUCTpHOYTHBHOCTH M XOMOTE€HOCTH CKaJIapHOT MIPOM3BOA CIIEIN
n n
AT
<fi‘A fj>=2<fi\%— fk>=23k,- (fi] ).
k=1 k=1
[Tomto je momeHyTH 6a3uc OpToHOpMUpaH, ouhe
n
AT
<fi‘A fj>zzakj5;k-
k=

3na ce na Kponekeposo nenra ,,cKkuaa“ cymy, Te je crora
b

¢

C apyre cTpaHe, Ha OCHOBY 0COOMHA KOMIUIEKCHOT KOBYTOBambha CKaJTapHOT TPOU3BOA j&

(] (A" fj>:<fi* (&) A fj*> =(f
a Ha OCHOBY JIe()MHUIIMOHE OCOOMHE aJ]JyHIOBaHUX OIepaTopa je OHja

(1607 )={7 ) = o

AT fj>=aij,

Af fj*>* = <vi A'v, >

*
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3BNPKA SAOATAKA N3 MATEMATUYKE ®U3UKE 1: JlInHeapHM BEKTOPCKU NPOCTOPU

[Tomto ckanapHu MPOU3BOJ UMa OCOOMHY €PMUTCKE CUMETpH]je, CIeAH

]k )={ (| =

Ha ocHoBy ocHoBHE (opmyiie mpeacraBibama, JUK A

),

Vi> MOKC CC NPCACTABUTHU KAO JIMHCAPHA

KOMOMHaImja 6a3uCHUX BEKTOpa {|Vi > =1 n} npocropa U, ma je onna

1]k 1)
3Hauu 1a ce u3 JOOUjeHNX u3pas3a
(f]AT1)=4,

f (AT)* fi)=a;
LAY 6)=a,

n n n
k=1 k=1 k=1

Zaikvk>: <Vj‘aikvk>: aik<vj‘vk>: aiké}k:aij-

= <fi‘AT fj>:<fi\(A*)* fj>

O,Z[6aI_II/IBaH>CM HCTHUX BCKTOpPaA Ca JICBC U AICCHC CTpPaHC, ,Z[O6I/Ija OIICpaTopCKa je,[[HaKOCT

AT = (A",
IToToMm Tpeba 1OOUTH ONEPATOPCKY jETHAKOCT: AT = (A*)T , alli MAaTPUYIHO MPEICTABILEHY

e
(£ AT £)=(1| A 1),
Ha ocHOBy paHuje HaBeeHUX U KopuIIheHuX 0coOMHa CKaJapHOT NMPOU3BO/IA, JIEBA CTpaHa TOPHET

u3pasa 1ocraje

(f,|AT fj>:<fi

HAOK ICCHA CTpaHa HOCTaje

(]G 8)=((y) 6] 6)=(A ] 6)=(Ag] ) =(Auv)
:(<vj Avi>*)* :<vj ‘Avi> :<vj Zn:aikvk>:zn:aik (v, ‘Vk>:zn:aik 5, =8

Kako cy necHe ctpane rope no0ujeHa qBa n3pasa jeinake, Ouhe jefHaKe u JeBe; 010aI[MBalkbEM HCTHX

kZ%‘ fk>: <fi‘a\<j fk>:kZ:a<j<fi| fk>:kzakj é;k:aij .
=1 =1 =1

n
k=1

BEKTOpa ca JIEBE U JIECHE CTpaHe, MOKa3aHo je J1a BayKU TpaskeHa OrepaTopcKa jeAHaKOCT
AT A
AT = (A,
' PO
(6) IpBo Tpeba noGuTH oreparopcky jennakoct: A = (A" napasro, MaTpuuno npesncTaBbeHy

Kao

(f|A ) =(]A) ).
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12. [lyanHu npocTop BEKTOPCKOT U YHUTapHOT npocTopa

Ha ocHoBy panmje HaBeleHUX W KOPUITNEHUX 0COOMHA CKaJapHOT MTPOM3BO/Ia, JIEBa CTPaHa TOPHET

u3pasa 1nocraje

AT
)
JIOK JIeCHa CTpaHa MocTaje

:<vi Avj>* :<Avj ‘vi>:<§akjvk vi>:kzn_;a;j (vk|vi):kzi;a:joii =a;

Kako cy necHe ctpane rope qo0ujeHa Ba nu3pasa jenake, Ouhe jeiHake U jeBe; 010alliBalb-eM UCTHX

*

(A 1) =(v|(A)'y,)

BEKTOpA Ca JIeBE M JIECHE CTPaHe, II0KA3aHO j€ [a BayKU TPaXKeHa OIlepaTopcKa jeTHAKOCT

fe et

A = (AT,

. N
Motom tpeba nobuty oneparopeky jennakocr: A = (A")', takole npexncrasbeny Matpuano
R\ .
(£ A 6)=(H]AT) 1),

Ha ocHOBY paHuje HaBeleHUX M KOpHITheHHX 0cOOMHA CKAIaPHOT HPOM3BO/A, J1€Ba CTPaHA FOPH-ET

u3pasa nocraje

HAOK ICCHA CTpaHa HOCTaje

n

(1,|Ay fj>:<((AT)T)T fi‘ fj>:<AT | fj>:<kzaik £
Zn:aik“k‘ fj>=k2n;a?k% =3

k=1

)

Kaxo cy necne ctpane rope mooujeHa q1sa u3pasa jeHake, Ouhe jeJHake u JeBe; 00aliBabeM HCTUX

BCKTOpA €a JICBC U ACCHEC CTPAHC, [TOKA3aHO je Ja BaK1 TpaKCHa OHepaTopCKajeI[HaKOCT
Ao AT
A = (AT,
; . A= (AT
(8) IIpBO Tpeba TOOUTH OMEPATOPCKY jETHAKOCT: —( ) , HApaBHO, MaTpU4YHO MNPEIACTaBJLEHY

<fi\AT fj>:<fi‘(A*)T fj>.
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3BNPKA SAOATAKA N3 MATEMATUYKE ®U3UKE 1: JlInHeapHM BEKTOPCKU NPOCTOPU

Ha ocHoBy panmje HaBeleHUX W KOPUITNEHUX 0COOMHA CKaJapHOT MTPOM3BO/Ia, JIEBa CTPaHa TOPHET

u3pasa 1nocraje

<vi ATVJ-> = <( Af )Jr v,

1ok he mecHa ctpaHa outu
(u|(RYy,) = <((A*)T)* w|v > ~ (B =B =((A)w[y )= (Ay |v,)

-(Samfu )T ) - s

Kako cy necHe cTpane rope qo0ujeHa aBa n3pasa jennake, ouhe jeJHake u JieBe; 010alMBamkEeM HCTHX

) =(Aufu)=(San

Vj>:Za:i <Vk‘vj>:kz_;aiji Cij:a;i

k=1

BCKTOpa C€a JICBC U ACCHC CTpPAHC, jaCHO je Ja BaXKH TpaKCHa OIICpaTOPCKa jC,Z[HaKOCT

IToTom Tpeba 10OUTH ONEPATOPCKY jETHAKOCT: A" = (AT, takohe pEeCTaBbEHY MATPUUHO

(£ A8 ) =( ] ATy 1,).

Ha ocHOBY paHuje HaBeneHHX M KOpUITNEeHUX 0COOMHA CKaJlapHOT MPOM3BO/IA, JIEBA CTPaHA TOPHHET

u3pasa nocraje

<vi vJ.>=<(A“L)TvI vj>=<Avi‘vj> <quk

HAOK ICCHA CTpaHa IoIrpuma 00JIHK

(o] A1y )= (<AT)*)*V;>*:<V;\ATV;>*:MATf,.>*:(<ATfj\fi>*)*
(A1) = <Za]kf > Zalk(f|f):zn:a;koii:a;

Kako cy necHe ctpane rope 1o0ujeHa aBa n3pasa jeHake, Ouhe jelHaKe U JeBe; 010alBambeM HCTHX

k=1

> Zn:ak*u <Vk ‘Vj>:kzr:,a:i é;j :a;i

BEKTOpa ca JIeBE U JIECHE CTpaHe, MOKa3aHo je J1a BaKU TpaskeHa olepaTopcka jeJHaKOCT
Ao
A" =(AT)".

3anaTy U3pa3u MOry ce MpeICTaBUTH JECHOM CIIMKOM; Jla Ou ce

MPEeNIo U3 JeJHOT TEMEHA YETBOPOYIJIa Y HEKO APYTo TeEME, CBEjEeTHO

je na mu he ce TO paguTH TUPEKTHO WIIH HE.

cFpeEEwomcOomRTH
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(12.15) Tlokasatu ma Cy HEKOpeIHMCaHU BeKTopH (Oujade) uz V'V, mmp. |U><f |, JuHeapHu

OTIepaTOpPH, ¥ TO y CBAKOM IPocTOpy mojeaunaauno (ny V uy V'), mpn ueMy ce JeoBame anjaaa

Ha BEKTOpe |V> U3 BEKTOPCKOT mpocTopa V neduHuUIIe U3pa3zoM

(lu)(F])[v) = FW)u), v|v)eV

a Ha BEKTOpE (g | U3 JyaJIHOT BEKTOPCKOT IpocTopa V  Kao

(g)(lu)(f]) = u(@)(f|, v{g|eV".

Ja O6u nujane Owne jquneapHu OTIEPATOPH, OHE MOPAjy MpPETBApaTH JIMHEAPHY KOMOHWHAIIH]Y

o0jekara mpeciuKaBama y JTUHeapHy KOMOUHAIU]y TUKOBA.

IIpBo ce mpoBepaBa Aa Ju je 3a1ata aujana |U><f | 3aKcTa JMHEApHU ONepaTop y BEKTOPCKOM

npocropy V

(D el £ o[ Saalod o)

Panuje je nokaszaHo J1a cy pyHKUMOHAIN U3 AyaJIHOT BEKTOPCKOI' IPOCTOPa JIUHEAPHH, T€ j€ OH/a

(9D S | =( St () ) =S (),
A OHJIA OTIET, HA OCHOBY j1aTe AehHHHIIIIE THjae, CAMO CA/Ia 3/1ECHA YIIeBO, GUBA
(1D S |3l Dl

0JIaKJI€ j€ BHIIIE HETO JaCHO JIa je 3a/iaTa Aujaja 3aucma JUHeapaH ornepaTop.

IToTom ce npoBepaBa J1a Ju je 3aaaTa Iujaia |U><f | JIMHEAapHH ONepaTop y IyalHOM BEKTOp-

ckoM npoctopy V-

(Za glj( )—U(Za glj

Kako cy ¢pyHKIMOHaNMM U3 JyaaHOT BEKTOPCKOT MPOCTOpa JIMHEapHH, Ouhe

[ Seal )~ Seu(io (11~ S}t

IITO IPUMEHOM J1aTe AepuHUIInje Arjaie 3/IecHa YIeBO Jaje

[Satal i) -Sadal(u)r)

i=1

T€ je 3a7ara aujaja 3aucma JUHEApaH Oneparop.
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(12.16) Heka cy BekTopH |U> u |V> BEKTOpH M3 YHUTApHOT IipocTtopa U , a bUMa JyalHu BEKTOPH
< f | u (g | cy u3 gyamHor yautapHor npoctopa U™ . ITokasaT 1a ce JeloBame Aujaje |u)( f | Ha

BEKTOpE |V> u3 yHutapHor npoctopa U mMoxe npeactaButu GopmyinoMm

(u){F)v) = (F]v)u), vv)eU,

a Ha BEKTOpe (g | U3 AyaJHOT yHUTapHOr rnpoctopa U kao

(g](Ju)(f]) = u]g) (f], V{g|eU .

Y JlupakoBoj HOTAIM]H je KPajie JeTHOCTABHO MTOKA3aTH Ja BaKe Tope aare Gpopmyre.

[IpBa

(uY{FDIv) =[u)((F 1)) =[u}{F v} =(F V) |u).
ipyra

(ol(ju)(f D =((allu)){fI=(glu)(f|=(ulg) (]
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(12.17) Y Bextopckom npoctopy C* nar je oneparop

A(ﬁl, fzags) = (51 + 253’ |§2 _53! 51) )

Ka0 ¥ OPTOHOPMHUpaHU 6a3uc

1 . 1 .
v,)=(10,0),|v,)=—(0,1,1),|V,) =—=(0,1,1) ¢ .
{10)-000) v} - 012, ju) - 010
Hamnucatu natu omneparop Kao ureapry komourayujy 6a3ucHUX aujaaa

)} G

=1,2,3),

e je {( f,|,(f,.(f, |} opToHOpMHpaHu 6asuc npocropa C° GHOPTOroHaNaH 3aaTOM.

[IpBo ce Tpaxu Oaszuc OGumopToronanan 3aaarom Oasucy. Besa usmely mux je Kponekeposo

nenta, oqHocHo dopmyia (‘VJ— >) =0;.

Ha Bekrope 3amaror 6asuca aenyje ce npsum dynkuuonanom f,(&,6,,&)=a & +a,¢, +a,&,
f(w)) =6, f,10,0)=1 a,1+a,- O+a3 0=1 a1
1 :
f(|v,))=6, < fl(o,ﬁ,ﬁj:OQ a-0+a,- \/_+a3 \/_—0<:> |a2+.a3:0
W)a |y e via, -t
fl10,—,— =0 a,-0+a,-—+a,-
( 2 Jij 2 f 7
a =1 a =1 a =1 a =1 a =1
< qia,+8,=0 = qi(-lg)+a,=0 < 28,=0 = <8,=0 < Ja,=0
a, =—la, a, =ia, a, =1a, a,=0 a,=0
T€ je MpBH (PyHKIIMOHAI jeHAK
fl(§1'§2’§3):§1'
[otom ce nenyje npyrum pyukunonanom f,(&5,&,,&5)=bé& +b,& +bé,
f, (L0,
f,(|w)) =6 A ) b,-1+b,-0+b,-0=0 b, =0

b -0+b,- T

.ﬁ_o

b -0+Dh,-

(
(

OJHOCHO

-1 & Jib,+b,=+2
b, +ib, =0
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b =0 b =0 b =0 b =0 b =0 |
i, +b, =2 = Ji(cib,)+b, =v2 < 125,22 = Ib == o I -
; . . J2 V2
b, =—ib, b, =—ib, b, =—ib, : 1
b=-—  |b=——
C 2 2
T€ je oHAa Apyru (PYHKIIMOHAI jeTHAK
I 1
f2(§1’§2’§3):_$§z+$§3
NIINTHU
1, .
f2(§1’§2’§3)zﬁ(_|§2+§3)-
Ha kpajy ce nenyje tpehium dyukuuonanom f,(&,&,,&5) =& +C,&, +C,&
f.(1,0,0)=0 . . .0=
f3(|V1>)=531 N ) c,-1+¢c,-0+¢c,-0=0 ¢ =0
1 1 .
f,(|v,)) =6, < fs[o’ﬁ’ﬁJ:O & {c¢,-0+c,- \/_ T_O = |c2+-c3:0
f,(|v)) = 0u 1 i i L c, +ic, =2
flo———]=1  |c-0+c, — —
&%) A
¢, =0 ¢, =0 ¢, =0 6=0 _ 01:01
. : . i
& ¢, =-ic, = C3:.—IC-2 & e, =-ic, = ng—ﬁ & szﬁ
c,+ic, =<2 |c, +i(-ic,) =2 2¢, =2 1 i
- C,=—— C,=——F
2 > 3 \/5

Te je Tpehu PyHKImoHan oHaa Aat Gopmyiom

fs(gliézz’fs) = %(&2 _i§3) .

Ha oBaj HaunH 100ujeH je noTpeOHu 6a3uc OMOpTOroHalaH 3a1aToM

1, . 1 .
{fl’ﬁ(_lfz +§3)’$(§2 _légs)}-

Jla 61 ce 106MjeHr (QYHKIMOHAIM MOTJIH IIPEJCTABMTH y arcolyTHOM 0Oasucy mpoctopa C°
IBUMa ce Jiellyje Ha OPTOBE arCoIyTHOT Oa3uca

{le.)=0.0,0),|e,) = (0.1.0)[e;)=(0,0.1)}.
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12. [lyanHu npocTop BEKTOPCKOT U YHUTapHOT npocTopa

[TpBu dyHKIIMOHAT

(& & &) =4

nenyje na cegehy naunn
f,(le,))= f,(10,0) fi(
f.(le,))=£.(010) < 1 f,(
f,(Je,))=,(0,0,) fy (

@ @® ‘o
N
~~—
N—
1l
o
L |
—h
il
=
@
Il
L |
H
o
o
| S
&
w

Apyru PyHKIMOHAT

JieITyje OBaKO

f,(|e,)) = f,(1,0,0) f,(je,))=0 |
f, (|ez>) =1,(0,1,0) <
f,(le;)) = f.(0,0.2)

1ok Tpehu pyHKIHOHAN

JeNyje Kao

(le)=taoo | fle)-

Al 0 |
f3 (|62>): f3(0’1’0) A f3 <|62>):% = [f3]{\ei>} :|:O % _ﬁ:| )
f3 (|e3>): f3(0’011) . 1x3

3HauM J1a ce OPTOHOPMHUpaHU Gasuc BekTopckor mpoctopa C* (ycmen uzomMopdusMa) Moske

MPEICTaBUTH MAaTpUIlaMa-KOJIOHaMa Y MAaTPUYHOM MPOCTOPY

1 . 0 . 0
|V1> — |0 ,|V2> —> ﬁ i ,|V3> —> E 1
0 3x1 1 3x1 I 3x1

JIOK ce GHOPTOrOHANHM Ga3MC JyalHOT BeKTOpCcKor mpoctopa C™° Moke IPeICTaBUTH MaTpULIaMa-

BpCTaMa y MaTpUYHOM IIPOCTOPY
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3BNPKA SAOATAKA N3 MATEMATUYKE ®U3UKE 1: JlInHeapHM BEKTOPCKU NPOCTOPU

> 10 Ol > [0 2l > 0 1 i,

Cajia Tpeba IIpeICTaBUTH JIaTH ONepaTop y ancoiyTHoM 6asucy npocropa C*, mTo ce HapaBHo,

IIOCTHUIKE Ka0 U YBCK 0 CajJia, ACJIOBAKBLEM OII€paTopa

A& & &)= (6+25,i8,-4,8)
Ha OPTOBE aNCoTyTHOT Gasrica
{|e,)=(10,0),]e,)=(0,1,0),]e,) =(0,0,1)},
a IIOTOM TaKo J106HjeHe JIMKOBE ancolTyTHOT 6asrica
Ale,)= A(,0,0) = (1+2-0,i-0-0,1) = (1,0,1)
Ale,) = A(0,1,0)=(0+2-0,i-1-0,0) = (0,i,0)
Ale,)=A(0,0,1) = (0+2-1i-0-1,0) = (2,-1,0)
koprimhiemeM 0CHOBHE (GOPMyJIe IPEICTaBIbaba IPSACTABUTH KAO0 JTHHEAPHE KOMOHHALI]E OPTOBa
aTicoNyTHOT Gasmca
Ale,)=1le,)+0[e,)+1]e,)
Ale,)=0le,)+ile,)+0|e,)
Ale,)=2le,)+(-1)[e,)+0]e,)

0J1aKJIe ce KOHA4YHO J00Hja MaTpulia KOjoM ce oreparop A mpejacTaBiba y arncolyTHOM 0a3ucy

10 2]e) [1 0 2
.~/:[A]{ei>: 0 i -1lle,)=]0 i -1| .
10 OJle) [2 0 0],

Kopumthewem oexomnosuyuje jeounuye
3
=2 |vi){v]
i=1

JaKo je 1ooutu Gopmyity mpeko Koje ce orneparop A MoxKe 3amucaTy Kao cyma 6a3uCcHUX Jujana

~ AA A
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12. [lyanHu npocTop BEKTOPCKOT U YHUTapHOT npocTopa

PacimcuBamem nobujeHe ¢popmysie mo HEeMUM MHIEKCHUMa 100Hja ce

A:iZ::(<Vi‘A‘Vl> ‘vi><v1 ‘+<Vi ‘ A‘V2> ‘Vi><Vz ‘+<Vi‘A‘V3> ‘Vi><v3 D

OJHOCHO

A= Qv A ) ) [+ {u [ AL ) (v [+ (u Afws ) )
# (v [Afw v ) (v | A v ) v )ve [+ v [A]ws ) [ve )|
# s [A L) v ) (w [+ v [ A ) [vs ){ve [+ s [A] v ) [vs ) (s

[Ipeocrano je npeko no0ujeHHX MaTpulia 06a 6a3uca U MaTpHIle OlepaTropa U3pauyHaTH CBHX

NeBeT Koedunmjenara y3 nujane

10 2] 1 1-1+0-0+2-0
(v,|Alv) > [1 0 0] 0 i -1| (0] =[1 0 0] |0-1+i-0+(-1)-0
3x3 3x1

10 0/|0 1.140-0+0-0 |

1
-[L © o]MH ~1-140-0+0-1=1
13><l

10 2) [0 . 1.0+0-i+2-1
(v|Alv,) > [ 0 0] 0 i -1 i :5[1 0 0],/ 0:0+i-i+(-D1
10 0}, 1, 1.0+0-1+0-1 | |
’ 1 2
10 0],[-2| =-=[12+0-(-2)+0-0]="==+2
-5l 0 0, 2+0:(:2+0:0]= =2
0 3x1
10 2) 0 . 1-040-1+2-i
(v,|A]v) > [t 0 0] |0 i —=|1| =-=[1 0 0]_,|0-0+i-1+(-1)-i
100 \/5 i, V2 1-0+0-1+0-i | ,
1 2 1 2i
. | .
=—(1 0 O 0| =—&=|1-21+0:-0+0-0|=—7==142
3x1

10 2] [1 1.1+0-0+2-0
<VZ‘A‘V1>—>%[O -i 1],/0 i -1| |0 :%[o -i 1] ,|0-1+i-0+(-2)-0
3x3 3x1

10 0]_,[0 1.140-0+0-0 |

1

1
. 1 . 1
:E[O —I 1]1><3|:2:| :$[01+(—|)0+11]:$
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3BNPKA SAOATAKA N3 MATEMATUYKE ®U3UKE 1: JlInHeapHM BEKTOPCKU NPOCTOPU

10 2 0 1.0+0:i+2:1
(v, |Alv,) - T[ -i 1,00 i -1 %i =%[o —i 1],|0-0+i-i+(-1)1
10 0] " 7[1], 1.040-i+0-1 |
O —i { 0 2+ (i) (-2) +1- O]——:
10 2 0 1.0+0-1+2-i
(v, | A v3>—>%[0 -i 1],10 i -1 % 1 =%[o —i 1],0-0+i-1+(-1)-i
10 0] "li], 1.040-1+0-i |
2i
==[0 - 1],|0 [0-2i +(~i)-0+1-0]=0
O 3x1
10 2] 1 1.1+0-0+2-0
(v, | A v1>—>%[0 1 -i],0 i -1| |0 =%[o 1 —i],|0-1+i-0+(-1)-0
10 0] [0], 1.1+0-0+40-0 |
1
Lo 1 4], |0] =-L[01+1.0+(-i)1]=- =
V2 o V2 V2
3x1
10 2 0 1.0+0-i+2:1
(v|Alv,) > —==[0 1 -] [0 i -1 %i =%[o 1 —i],|0-0+i-i+(-1)-1
10 0 1 1.0+0:i+0-1

3x3 3x1 3x1

T
:— 1 -], { O 2+1-(-2)+(-i)-0]= i -1

10 2 0 1-0+0-1+2-i
(vs| Alvy) e%[o 1 -0 i -1 % 1 =%[o 1 —i],|0-0+i-1+(=1)-i
10 0] "~ lil, 1.0+0-1+0-i |
2i
1 . 1. .
=2[0 1 -], [ 0] =3[0-21+1:0+(-)-0]=0
0

3x1

Ha ocHoBy mobujenux neBet koeduiiMjeHara y3 aijaje, nujajacka ¢popMysia MaTpuile -~/ Tiacu

g/zl‘ V1><V1 ‘+\/§‘vl><v2 ‘+i\/§‘v1><vg ‘
AL T AT
o e ala ol )|
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12. [lyanHu npocTop BEKTOPCKOT U YHUTapHOT npocTopa

OIHOCHO

=) 2 v 2L ) [ e o e v = (s ) e |

IIpoBepa: TauHOCT rope 10OMjEHOT U3pa3za MOXKeE ce MPOBEPUTH Kajla ce y ’mhera 3aMeHe JIhjaje

1 1 1
/=0 ®[1 0 0]1X3+\/§ 0 ®%[o —i 1]1X3+i\/§ 0 ®%[o 1 -],
03><l 03><l 03><l
1 1 0 1 0 1 i 1 0
. . . ) i
+——1| ®[1 0 Of +1—=|1| ® =0 -1 1] . ———4—|1| ®[1 0O O
ﬁ \/E [ ]1><3 \/E \/z [ ]l><3 \/E \/E ] [ ]l><3
1 3x1 1 3x1 I 3x1
1 0 1
-——|1] ® =[0 —-i 1
! 3x1
NIINTHA
1 1 0
/=0 ®[1 0 O]1X3+ 0 ®[0 —i 1]1x3+i 0 ®[0 1 —i]1X3+— i ®[1 0 0]1X3
O 3x1 O 3x1 0 3x1 1 3x1
10 10 0
+%| ®[0 —i 1, -=1| ®[L 0 o]m—% 1] ®0 - 1,
1 3x1 I 3x1 I 3x1
a I1I0OTOM " )II/IpeKTHO IIOMHOXKC
1-[1 0 O] 1-[0 —i 1] 1-[0 1 —i] 0 [1 0 O]
s=loft 0 0| +lofo i 1| +ilofo 1 -] +% il 0 0]
oft 0 oL, [ofo = 1), |ofo1 Il “[rko ol
) O~[O —i 1] ) O~[1 0 O] 0-[0 —i 1]
. . I 1
+—[ 1[0 —i 1] -—|1.[1 0 0] -=|1.[0 -i 1]
2 . 2| . 2| .
1[0 — 1] 31x1-3 [1 0 O] 31x1-3 I[O — ] 31x1-3
TO jecT
1 00 0 —-i 1 0 1 —i 0 0O
/=0 0 0] +|/0 O O] +i|l0 O O +% i 00
0 0 0], [0 0 O], 00 0], 1 0 0],
0O 0 O 10 0 0 0O 0 O
Lo —iz —'51 0o ol -Lo 4 1
0 -1 1 s i 00 s 0 —i? i -
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3BNPKA SAOATAKA N3 MATEMATUYKE ®U3UKE 1: JlInHeapHM BEKTOPCKU NPOCTOPU

OJHOCHO
1 00 0 -1 1 0 i1 0 0O
=0 0 0f +{0 O O] +/0 O O +% i 00
0 0 0], [0 0 Of, [0 0 O, 1004,
0 0 O 0 0O 0 0 O
+—(0 1 1| +—=|-i —% 0 -1
01 i 1 0 1 i

3x3 3x3 3x3
AKO Cce Ca6epy IIpBC 3 KBaJApaTHEC MaTpulC, U aKO CC U3BYYC jeI[Ha II0JIOBHHA Kao 3aje£[HI/ILIKa 3a

3a1me 4 KBaJipaTHEe MaTpuile, Ouhe

1 —i+i 1+1 1 0 0O 0 0 O 0 00 0 0 O
/=0 0 0 +§ i 0 0] 40 i -1} +|-1 O O| —-|O0 —i 1
0 O 0 |,, 1 00f, (011 i], |1 00, |01 i],

Haxon cabupama KBaJpaTHUX MaTpHIA Y 3arpaau, Topma GopmMyIia monpuma o0JImK

1 0 2 0 0 O
/=0 0 O +% 0 21 -2
O O O 3x3 2 O O 3x3
d HAKOH ACJbCHA Ca ,Z[BOjKOM
1 0 2 0 0 O
/=0 0 0| +/0 i -1
000, |t0 0],

Ha kpajy je npeocrano cabpaTH 1Be KBajJpaTHE MaTpHIle

1 0 2
/=101 -1
1 0 O

3x3

YuMe je J0Ka3aHo Ja je JIMHeapHa KOMOWHaIMja Tujaja TauHo Jo0u]jeHa.
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12. [lyanHu npocTop BEKTOPCKOT U YHUTapHOT npocTopa

A

(12.18) Hamucaru mpojexrop Py Koju mpojekryje mpousBoJbHHM BEKTOP N— IMMEH3HOHAIHOT

yuurapuor mnpocropa U Ha M—auMeH3MOHAAHU HOTIpocTop W, IpH uyeMy je mpojeKiuja

jenHaka JMHeapHOj KOMOMHAIM]M Oa3uCHUX aujaga motmnpocropa W . [TocMarpaHu opTOHOPMH-

panu Gasuc yuuTapHor npocropa U agantupaH je Ha gexommnosuimjy U= W@ W™,

Kako ce ynurapuu npocrop U Moke Hammcatd Kao OPTOrOHaiHA cyma mormpoctopa W u
L
EbErOBOT OPTOKOMILIEMEHTa WY
an
U=WoeWwW-,
TO clienn ja ce 0asuc N— IMMEH3HOHAJIHOT yHHTapHOr mpocropa U Moxe HammcaTu Kao 30up

Gasuca M—aMMEH3MOHANHOr motnpoctopa W u Gasuca meroor (N—M)— IMMEH3HMOHATHOT

L
opToKOMILIEMEHTa W

VDoV Vo ) o) [V ) = VD Ve V) ViV )}

OpaBze cieau Na ce MPOJEKTOP KOjU MPOjEeKTyje MPOU3BOJbHU BEKTOpP N — IMMEH3MOHATHOT
yaurapHor npocropa U Ha M—1uMeH3MOHATHE TOTOpOCTOp W MOKEe HamMcaTtd Kao JMHeapHa
KOMOMHanMja 0a3uCHUX JIMjaja MmoTpocTtopa W

A m m
Py =2 V) ®(fi|= 2 [vi)(wi].
i=1 i=1

[ToMeHyTH IPOM3BOJLHU BEKTOP N— IMMEH3MOHAIHOT yHUTapHOT poctopa U Moske ce mucatu
y 00JIMKY JIMHEeapHe KOMOMHAIMje 6a3uCHUX BEKTOpa yHUTApHOT poctopa U , Koja ce 100uja mpeKko
JIEKOMITO3HIIH]€ jeAMHUIIE

)= 1) = Sl )=S0 () = e uv) =Sl =S .

i=!
JOK 6I/I ce HpOI/I3BOJ'bHI/I BeKTOp n— JUMCH3HUOHAJIHOT ,[[yaﬂHOl" YHI/ITapHOF HpOCTOpa U 3aliuCuBao

Kao JIMHeapHa KoMOUHaIMja 6a3MCHUX BEKTOPA IyalHOr yHUTApHOr pocTopa U

o=

n

= S inl | =Sl v = Sl =S ol S ]

i=1 i=1 i=1
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